1 [0 FUNCTIONS AND MODELS

1.1 Four Ways to Represent a Function

1. The functions f(z) = = + v/2 — z and g(u) = u + /2 — u give exactly the same output values for every input value, so f

and g are equal.

2. f(z) = a; :193 = m(;:ll) =g forz — 1+ 0,so f and g [where g(z) = z] are not equal because f(1) is undefined and

3. (a) The point (1, 3) is on the graph of f, so f(1) = 3.
(b) When z = —1, y is about —0.2, so f(—1) ~ —0.2.
(c) f(z) = lisequivalenttoy = 1. Wheny = 1, we have x = 0 and x = 3.
(d) A reasonable estimate for z when y = 0is z = —0.8.

(e) The domain of f consists of all z-values on the graph of f. For this function, the domain is —2 < z < 4, or [—2, 4].

The range of f consists of all y-values on the graph of f. For this function, the range is —1 < y < 3, or [—1, 3].
(f) As z increases from —2 to 1, y increases from —1 to 3. Thus, f is increasing on the interval [—2, 1].
4. (a) The point (—4, —2) is on the graph of f, so f(—4) = —2. The point (3, 4) is on the graph of g, so g(3) = 4.

(b) We are looking for the values of  for which the y-values are equal. The y-values for f and g are equal at the points

(—2,1) and (2, 2), so the desired values of z are —2 and 2.
(©) f(z) = —1isequivalenttoy = —1. Wheny = —1, we have z = —3 and z = 4.
(d) As x increases from 0 to 4, y decreases from 3 to —1. Thus, f is decreasing on the interval [0, 4].

(¢) The domain of f consists of all z-values on the graph of f. For this function, the domain is —4 < x < 4, or [—4, 4].

The range of f consists of all y-values on the graph of f. For this function, the range is —2 < y < 3, or [-2, 3].
(f) The domain of g is [—4, 3] and the range is [0.5, 4].

5. From Figure 1 in the text, the lowest point occurs at about (¢, a) = (12, —85). The highest point occurs at about (17,115).

Thus, the range of the vertical ground acceleration is —85 < a < 115. Written in interval notation, we get [—85, 115].

6. Example 1: A car is driven at 60 mi/h for 2 hours. The distance d miles
traveled by the car is a function of the time ¢. The domain of the 120
function is {¢ | 0 < ¢ < 2}, where ¢ is measured in hours. The range
of the function is {d | 0 < d < 120}, where d is measured in miles. 0 2 time in

hours
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U CHAPTER1 FUNCTIONS AND MODELS

Example 2: At a certain university, the number of students NV on

campus at any time on a particular day is a function of the time ¢ after of iﬂgﬁ:

midnight. The domain of the function is {¢ | 0 < ¢ < 24}, where ¢ is

measured in hours. The range of the functionis {IV | 0 < N < k}, , . , , —
where N is an integer and k is the largest number of students on (midgight) oo
campus at once.

Example 3: A certain employee is paid $8.00 per hour and works a pay

maximum of 30 hours per week. The number of hours worked is 2401 °
rounded down to the nearest quarter of an hour. This employee’s ;zi ._;—0
gross weekly pay P is a function of the number of hours worked h.

The domain of the function is [0, 30] and the range of the function is g ._O._O

{0,2.00,4.00, .. .,238.00,240.00}. o] 025 050 075 29502975 30 hours

. No, the curve is not the graph of a function because a vertical line intersects the curve more than once. Hence, the curve fails

the Vertical Line Test.

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—2, 2] and the range

is[—1,2].

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the range

is [-3,-2)U[-1,3].

No, the curve is not the graph of a function since for x = 0, £1, and 42, there are infinitely many points on the curve.

(a) When t = 1950, T' = 13.8°C, so the global average temperature in 1950 was about 13.8°C.

(b) When T" = 14.2°C, ¢t =~ 1990.

(c) The global average temperature was smallest in 1910 (the year corresponding to the lowest point on the graph) and largest
in 2005 (the year corresponding to the highest point on the graph).

(d) When t = 1910, T' & 13.5°C, and when ¢ = 2005, T' & 14.5°C. Thus, the range of 1" is about [13.5, 14.5].

(a) The ring width varies from near 0 mm to about 1.6 mm, so the range of the ring width function is approximately [0, 1.6].

(b) According to the graph, the earth gradually cooled from 1550 to 1700, warmed into the late 1700s, cooled again into the
late 1800s, and has been steadily warming since then. In the mid-19th century, there was variation that could have been

associated with volcanic eruptions.

The water will cool down almost to freezing as the ice melts. Then, when T

the ice has melted, the water will slowly warm up to room temperature.
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SECTION 1.1 FOUR WAYS TO REPRESENTAFUNCTION O 11

14. Runner A won the race, reaching the finish line at 100 meters in about 15 seconds, followed by runner B with a time of about

19 seconds, and then by runner C who finished in around 23 seconds. B initially led the race, followed by C, and then A.

C then passed B to lead for a while. Then A passed first B, and then passed C to take the lead and finish first. Finally,

B passed C to finish in second place. All three runners completed the race.

15. (a) The power consumption at 6 AM is 500 MW, which is obtained by reading the value of power P when ¢t = 6 from the

graph. At 6 PM we read the value of P when ¢t = 18, obtaining approximately 730 MW.

(b) The minimum power consumption is determined by finding the time for the lowest point on the graph, ¢ = 4, or 4 AM. The

maximum power consumption corresponds to the highest point on the graph, which occurs just before ¢ = 12, or right

before noon. These times are reasonable, considering the power consumption schedules of most individuals and

businesses.

16. The summer solstice (the longest day of the year) is
around June 21, and the winter solstice (the shortest day)
is around December 22. (Exchange the dates for the

southern hemisphere.)

Hours of
daylight

| June2l  Dec.22 t

18. The value of the car decreases fairly rapidly initially, then
somewhat less rapidly.

value

0 5 10 15 20 ¢
(in years)

20. The temperature of the pie would increase rapidly, level
off to oven temperature, decrease rapidly, and then level

off to room temperature.

T

17. Of course, this graph depends strongly on the
geographical location!

T

midnight noon !

19. As the price increases, the amount sold decreases.

amount

0 price

2. Height
of grass

Wed.  Wed. Wed Wed Wed. !
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12 U CHAPTER1 FUNCTIONS AND MODELS

22, (a) (1) (b) N0
400 35,000
feet
60 1 30 60 1t
(© ground (d vertical
speed velocity
500
miles
per hour
60 ! 60 t
23. (a) TH4CF) (b) 9:00 AM corresponds to ¢t = 9. When ¢ = 9, the
851 temperature T is about 74°F.
801
75 4
70t
651
0 2 4 6 8 10 12 14 (hoﬁrs)
24. (a) (b) The blood alcohol concentration rises rapidly, then slowly
BAC A(mg/mL)
0.40 1 decreases to near zero. Note that the BAC in this exercise is
030 measured in mg/mL, not percent.
0.20 +
0.10
0 t
(hours)
25, f(x) =32% —x + 2.
f2)=3(2)?%-2+2=12-2+2=12.
f(=2)=3(-2)> - (-2)+2=12+2+2=16.
fla) =3a* —a+2
f(—=a) =3(-a)®> — (—a) +2=3a*> + a +2.

fla+1)=3a+1)2?—(a+1)+2=3(a*+2a+1)—a—1+2=3a>+6a+3—a+1=3a>+5a+4.
2f(a) =2- f(a) = 2(3a® — a +2) = 6a® — 2a + 4.
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f(2a) = 3(2a)* — (2a) + 2 = 3(4a®) — 2a + 2 = 12a® — 2a + 2.
f(a®) =3(a*)? — (a*) + 2 =3(a*) —a®> + 2 =3a* —a® + 2.
[f(a)]? = [3a? —a+2}2 = (30> —a+2)(3a® —a+2)
=9a* — 3a® + 6a® — 3a® + a® — 2a + 6a® — 2a + 4 = 9a* — 6a® 4 13a® — 4a + 4.

fla+h)=3(a+h)?*—(a+h)+2=3*+2ah+h?>)—a—h+2=3a>+6ah+3h>—a—h+2.

A spherical balloon with radius r + 1 has volume V (r + 1) = 27 (r + 1)* = 47(r® + 3r® + 3r + 1). We wish to find the
amount of air needed to inflate the balloon from a radius of r to r + 1. Hence, we need to find the difference

V(ir+1)=V(r)=3a(r® +3r +3r +1) — 37r® = 27(3r? + 3r + 1).

flz)=4+3cx—2%s0 f(3+h)=4+33+h)— (B3+h)?>=4+9+3h—(9+6h+h?) =4—3h—h?

g JBHM —fB) _ (4=3h-h*)—4 h(=3-h)

h h oo STk

f(x) =2% 50 fla+h) = (a+h)® = d® + 3a>h + 3ah? + h?,

fla+h) = f(a) (a®+3a®h +3ah®>+h%) —a®  h(3a® + 3ah + h?)

— _ _q.2 2
and 5 = A = 5 = 3a” + 3ah + h”.
11 a-s
f(m)_f(a):x a _ _xza _ _9—7T :—l(m—a):_i
x—a x—a x—a za(lr—a) za(z—a) ax

43 9 r+3—-2(x+1)

fl@)—f1) _z+1 = z+1 4322
z—1 = xz-1 z—1 T (z+D(z—-1)
—z+1 —(x—1) 1

T @+ )z-1) (@+D)@E-1) z+1

f(z) = (z +4)/(z* — 9) is defined for all z except when0 = 2> -9 < 0= (z+3)(x —3) < = —3or3,sothe
domainis {z € R |z # —3,3} = (—o0, —3) U (—3,3) U (3, 00).
f(z) = (22® — 5)/(z* + = — 6) is defined for all 7 except when0 = 2> +2—6 < 0= (z+3)(z—2) <

x = —3 or 2, so the domainis {x € R | x # —3,2} = (—o00,—3) U (—3,2) U (2,00).

f(t) = /2t — 1 is defined for all real numbers. In fact {/p(t), where p(¢) is a polynomial, is defined for all real numbers.

Thus, the domain is R, or (—o0, 00).

gt) =v3—t—+2+tisdefinedwhen3 —¢t>0 <« t<3and2+¢t>0 < > —2. Thus, the domain is

—2<t<3,0r[-23]

h(z) =1 /v/2% — 5z is defined when 2° — 52 > 0 <  a(z — 5) > 0. Note that 2> — 5z # 0 since that would result in
division by zero. The expression z(x — 5) is positive if z < 0 or z > 5. (See Appendix A for methods for solving

inequalities.) Thus, the domain is (—o0, 0) U (5, 00).
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14 0 CHAPTER1 FUNCTIONS AND MODELS

3. f(u):“—Jriisdeﬁnedwhenu+1¢0[u¢—1]and1+L;Ao. Since 14+ —— =0
1+ u—+1 u+1
u+1
—1&—1:71 & 1l=—u—-1 & wu=-2thedomainis{u |u # —2,u # —1} = (—o0, —2) U (-2, —1) U(—1, 00).
u

31. F(p) = /2 — \/pisdefined whenp > 0and2 — \/p > 0. Since2 - ,/p>0 & 2>,p & /<2 &
0 < p < 4, the domain is [0, 4].

38 h(z)=vV4—a2Nowy=+v4—-122 = ¢y>’=4—-2 & 22+y*=450 Y

the graph is the top half of a circle of radius 2 with center at the origin. The domain

is{z|4-2>>0} ={z|4>2"} ={z| 2> |z|} = [-2,2]. From the graph, E— 5

the range is 0 < y < 2, or [0, 2].

39. The domain of f(z) = 1.6z — 2.4 is the set of all real numbers, denoted by R or 7

(—00, 00). The graph of f is a line with slope 1.6 and y-intercept —2.4.

2 - —
40. Note that g(t) = —— L = X D=1

=t—1fort+1+#0,ie.,t#—1.

t+1 t+1
The domain of g is the set of all real numbers except —1. In interval notation, we /
have (—oo, —1) U (—1, 00). The graph of g is a line with slope 1, y-intercept —1, “1.-2) 0[1 !
andaholeatt = —1.
. () z+2 ifx<O ,
. f(x) = )
1—x ifx>0
0,2)
f(=3)=-3+2=-1,f0)=1-0=1,and f(2) =1—2= —1. /@U
e \
2. () 3—%1’ if © <2 y
. f(z) =
2v—5 ifzx>2 \3\
2,2
f(=3)=3—-3(-3) =% f(0)=3—-3(0) =3, ‘ />
0 X
and f(2) =2(2) —5=—1 @.-1)

43. f(x) =
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SECTION 1.1 FOUR WAYS TO REPRESENT AFUNCTION 00 15

. (o) -1 if <1 y
. xT) = ]’5
T2 ifz>1 -2

F(=3) = —1, f(0) = —1,and f(2) = 7 — 2(2) = 3.

.

T if >0 )
45. |z| = _ )
—x ifz<O0
) ] 2¢ ifx>0 2l
So r)=x+ |x| =
0 if <0
Graph the line y = 2z for z > 0 and graph y = 0 (the z-axis) for z < 0. 5 1 >
T+ 2 ifzx+2>0
4. f(z)=|z+2|= . Y
—(x+2) ifz4+2<0

T+ 2 if x> -2
T —e—2 ifa<-—2 ¥

> |0 X
1-3t if 1-3t>0
41. g(t) = |1 = 3t| = _ Y
—(1-3t) if1-3t<0
1-3t ift<s
CBt-1 ift>1
0| & t
t if t>0 ,
48. |t| = ] and Y
—t ift<O
t+1 ift+1>0 t+1 if t > -1
[t +1] = . = |
—(t+1) ift+1<0 —t—1 ift<-1 f
J] 0 t
t+(t+1) ift>0 2t+1 ift>0
$0 ht)=t|+t+1=< —t+(t+1) if —1<t<0 =<1 if —1<t<0
—t+(—t—1) ift<-1 —2t—1 ift<—1
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lz] if |z| <1 ,
To graph f(z) = ) , graph y = |z| (Figure 16) )
1 if|zl>1
1
for —1 < x < 1landgraphy =1 forxz > 1and forz < —1. — "
-1 1 X
1 if z<—1
W d e fas f(2) —x if -1<z<0
e could rewrite f as f(x) =
ifo<z<1
1 ifz>1
|z| — 1 if |[2]—1>0 y
g(@) = ||o| — 1] = .
—(lz] =1) if |z|—-1<0
|z| — 1 if |z|>1
= . -1 0 1 X
—lz|+1 if |Jz| <1
r—1 if |[z|>1andz >0 r—1 if x>1
—z—1 if |z|>1andaz <0 —z—1 ifx<-1
) -z 1 if |z)<landz>0 | -z41 if0<z<l
—(—z)+1 if |z|<landz <0 z+1 if —-1<z<0

Recall that the slope m of a line between the two points (x1,y1) and (22,y2) ism = 9279 andan equation of the line
T2 —I1

connecting those two points is y — y1 = m(z — x1). The slope of the line segment joining the points (1, —3) and (5, 7) is

75%(_13) = g, so an equation is y — (—3) = 5 (x — 1). The function is f(z) = Sz — &, 1 <z <5.
. S . . —10—-10 5 .
The slope of the line segment joining the points (—5, 10) and (7, —10) is T—(5) =—3,s0an equation is

y —10 = —3[z — (—5)]. The functionis f(z) = -2z + 2, -5 <z < T.

We need to solve the given equation fory. z+(y—1)°=0 & (y—1)°=-2 & y—1=+y/—z <
y = 1 + /—=x. The expression with the positive radical represents the top half of the parabola, and the one with the negative

radical represents the bottom half. Hence, we want f(x) = 1 — y/—x. Note that the domain is z < 0.
P+ y—-22%=4 & Y-2°=4-2> & y-2=4+V4—22 & y=2=4+4— 2 Thetophalfis given by
the function f(z) =2+ V4 — 22, -2 <z < 2.
For 0 < x < 3, the graph is the line with slope —1 and y-intercept 3, that is, y = —z + 3. For 3 < x < 5, the graph is the line
with slope 2 passing through (3, 0); thatis, y — 0 = 2(z — 3), or y = 2z — 6. So the function is

—x+3 if0<x<3

f(z) = :

20 —6 if 3<ax<5h

For —4 < z < —2, the graph is the line with slope —2 passing through (—2,0); thatis,y — 0 = —2[z — (=2)], or

Y= —%x — 3. For —2 < z < 2, the graph is the top half of the circle with center (0, 0) and radius 2. An equation of the circle
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SECTION 1.1 FOUR WAYS TO REPRESENTAFUNCTION [0 17
is 22 + y® = 4, so0 an equation of the top half is y = v/4 — x2. For 2 < x < 4, the graph is the line with slope % passing
through (2,0); thatis,y — 0 = 3(z — 2), ory = 3z — 3. So the function is

—3z-3 if 4<z<-2

flr)=¢V4—a? if 2<z<2

30-3 if 2<2<4

Let the length and width of the rectangle be L and W. Then the perimeter is 2L + 2W = 20 and the areais A = LWW.
20 - 2L

Solving the first equation for W in terms of L gives W = =10 — L. Thus, A(L) = L(10 — L) = 10L — L?. Since

lengths are positive, the domain of A is 0 < L < 10. If we further restrict L to be larger than W, then 5 < L < 10 would be

the domain.

Let the length and width of the rectangle be L and W. Then the area is LW = 16, so that W = 16/ L. The perimeter is
P =2L+2W,so P(L) =2L+ 2(16/L) = 2L + 32/L, and the domain of P is L > 0, since lengths must be positive
quantities. If we further restrict L to be larger than W, then L > 4 would be the domain.

Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height y of the triangle satisfies

2

v+ (%1‘)2 = 22, so that y% = 22 — 122

1 _ 3.2 V) ; :
72° = 32 and y = 5°x. Using the formula for the area A of a triangle,

A = $(base)(height), we obtain A(z) = 1 () (@x) = %xQ, with domain z > 0.

Let the length, width, and height of the closed rectangular box be denoted by L, W, and H, respectively. The length is twice
the width, so L = 2W. The volume V of the box is given by V' = LWH. Since V = 8, we have 8 = 2W)WH =

8 4 4
8:2W2H = H:2W2:W,andS0H:f(W):m.

Let each side of the base of the box have length z, and let the height of the box be h. Since the volume is 2, we know that
2 = ha®, so that h = 2/22, and the surface area is S = x> + 4xh. Thus, S(z) = 22 + 42(2/2%) = 2 + (8/2), with
domain z > 0.
2
The area of the window is A = zh + %’/T(%.T)z =zxh + %, where h is the height of the rectangular portion of the window.

The perimeteris P = 2h + 2+ in2 =30 < 2h=30—2— 37z < h = 1(60 — 2z — 7z). Thus,

— 2z — 2 4
A(x):xw-k% =152 — 12 — %2° + %2 :153,-—%3:2—%3:2:151;—952(” ; )
Since the lengths « and h must be positive quantities, we have > 0 and h > 0. For h > 0, we have 2h >0 <&

1 60 . . 60
30—z —5mr>0 & 60>2x+mr < o< -——. Hence,thedomainof Ais0 <z < .
247 247

The height of the box is « and the length and width are L = 20 — 2z, W = 12 — 2z. Then V = LWz and so
V(z) = (20 — 22)(12 — 22)(x) = 4(10 — 2)(6 — z)(x) = 42(60 — 16z + 2?) = 4o® — 642> + 240x.

The sides L, W, and x must be positive. Thus, L. >0 < 20—2z >0 < z <10;

W>0 & 12—-2x>0 & < 6;andz > 0. Combining these restrictions gives us the domain 0 < x < 6.
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64. We can summarize the monthly cost with a piecewise

defined function. N J
351

cw 35 if 0 <z <400
1 35+0.10(z — 400) if = > 400

0 400 600 x
65. We can summarize the amount of the fine with a F
. . . 600+ (100, 525)
piecewise defined function.
15(40 —z) if 0 <z < 40
F(z)=<0 if 40 <2 <65
15(x — 65) if z > 65 ‘
0 40 65 100 X
66. For the first 1200 kWh, E(x) = 10 4 0.06z. E4 Cost (3)
138
For usage over 1200 kWh, the cost is
E(z) = 10+ 0.06(1200) + 0.07(z — 1200) = 82 + 0.07(z — 1200).
Thus, 821 (1200, 82)
10 + 0.06z if 0 <z <1200
|82+ 0.07(x — 1200) if @ > 1200
101
0 1200 2000 x
(kKWh)
67. (a) R(%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400.
154 —_ On $26,000, tax is assessed on $16,000, and
107 © * 10%($10,000) 4+ 15%($6000) = $1000 + $900 = $1900.
o[ 10000 20000 7 (indollars)
(c) As in part (b), there is $1000 tax assessed on $20,000 of income, so T (in dollars)
the graph of 7" is a line segment from (10,000, 0) to (20,000, 1000). 2500+

The tax on $30,000 is $2500, so the graph of T for = > 20,000 is 10004

the ray with initial point (20,000, 1000) that passes through

0] 10,000 20,000 30,000 1 (in dollars)
(30,000, 2500).

68. One example is the amount paid for cable or telephone system repair in the home, usually measured to the nearest quarter hour.
Another example is the amount paid by a student in tuition fees, if the fees vary according to the number of credits for which

the student has registered.

69. f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is symmetric with

respect to the y-axis.
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SECTION 1.1 FOUR WAYS TO REPRESENT AFUNCTION T 19

70. f is not an even function since it is not symmetric with respect to the y-axis. f is not an odd function since it is not symmetric

about the origin. Hence, f is neither even nor odd. g is an even function because its graph is symmetric with respect to the

y-axis.

71. (a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this even function,

the point (—5, 3) must also be on its graph.

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd function,

the point (—5, —3) must also be on its graph.

72. (a) If f is even, we get the rest of the graph by reflecting

about the y-axis.

-r - . x
(—z)2+1 2241 2241

Since f(—z) = —f(x), f is an odd function.

1

f—2) =

-z
—z+1 z-—1"

75. f(z) = xLH so f(—z) =

Since this is neither f(z) nor — f(z), the function f is

neither even nor odd.

T ‘

—f(z).

(b) If f is odd, we get the rest of the graph by rotating

180° about the origin.

s
0
4. f(z) = xf—+1
I ) S S
f(—il’)— (—I)4+1 _1'4+1 —f(.l’)

Since f(—z) = f(x), f is an even function.

1

-2 2

-1

76. f(z) = = |x|.
f(=z) = (=) |-z| = (=) |z = —(x]x])
= /(@)

Since f(—z) = — f(x), f is an odd function.

4
-2 2

-4
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20 0O CHAPTER1 FUNCTIONS AND MODELS

7. f(z) =14 32% — z*.

f(=z) = 14+3(—2)* — (—2)* = 14322 —2* = f(2).

Since f(—z) = f(z), f is an even function.

78. f(z) = 1+ 32® — 5, s0
=) =143(-2)° = (-2)° = 1+ 3(~2*) — (~2”)

=1-3z>+2a°

Since this is neither f(z) nor — f(z), the function f is

/\/\ neither even nor odd.
-2 V 4 + V 2 >
- /\
el \J )

o

79. (i) If f and g are both even functions, then f(—z) = f(z) and g(—z) = g(z). Now
(f +9)(=2) = f(—=z) + g(—2) = f(2) + g(x) = (f + g)(x), s0 f + g is an even function.
(ii) If f and g are both odd functions, then f(—x) = —f(z) and g(—x) = —g(). Now
(f+9)(==z) = f(—2) + g(—2) = — f(z) + [-g9(x)] = =[f(2) + 9(x)] = —=(f + g)(@), s0 [ + g is an odd function.
(iii) If f is an even function and g is an odd function, then (f + g)(—z) = f(—x)+ g(—z) = f(z) +[~g(z)] = f(z) — g(x),
which is not (f + g)(z) nor —(f + g)(z), so f + g is neither even nor odd. (Exception: if f is the zero function, then
f + g will be odd. If g is the zero function, then f + g will be even.)
80. (i) If f and g are both even functions, then f(—z) = f(z) and g(—z) = g(z). Now
(f9)(=z) = f(—=x)g(—=x) = f(x)g(x) = (fg)(x),s0 fg is an even function.
(ii) If f and g are both odd functions, then f(—x) = —f(z) and g(—x) = —g(). Now
(f9)(=z) = f(=z)g(—z) = [-f(@)][-g(x)] = f(z)g(x) = (fg)(x), so fgis an even function.
(iii) If f is an even function and g is an odd function, then

(F9)(=z) = f(—2)g(—2) = f(2)[-g(2)] = —[f(z)g(x)] = =(fg)(2), s0 fg is an odd function.

1.2 Mathematical Models: A Catalog of Essential Functions

1. (a) f(x) = log, x is a logarithmic function.

(b) g(x) = = is aroot function with n = 4.
3

z
1— 22

(©) h(z) =

is a rational function because it is a ratio of polynomials.

(d) u(t) = 1 — 1.1t + 2.54¢? is a polynomial of degree 2 (also called a quadratic function).
(e) v(t) = 5" is an exponential function.

(f) w(0) = sin @ cos*@ is a trigonometric function.
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SECTION 1.2  MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS O 21

2. (a) y = m” is an exponential function (notice that x is the exponent).
(b) y = =™ is a power function (notice that x is the base).
(¢) y = 22(2 — 23) = 22 — 2® is a polynomial of degree 5.
(d) y = tant — cost is a trigonometric function.
(e) y = s/(1 + s) is a rational function because it is a ratio of polynomials.
®y=vad—1/ (14 /) is an algebraic function because it involves polynomials and roots of polynomials.

3. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that f is an odd function
(symmetric with respect to the origin). So (b) [y = x5] must be f. Since g is flatter than h near the origin, we must have
() [y = xs] matched with g and (a) [y = xz] matched with h.

4. (a) The graph of y = 3z is a line (choice G).

(b) y = 3" is an exponential function (choice f).
(c) y = = is an odd polynomial function or power function (choice F).
dy=z= z'/? is a root function (choice g).

5. The denominator cannot equal 0, s0 1 —sinz # 0 < sinz #1 < x # 5 + 2nm. Thus, the domain of

COos

f@) =1~

is Z4+2 an integer |.
- {z|z#3%+2nm,n ger }

6. The denominator cannot equal 0,s0 1 —tanxz #0 < tanxz #1 <& 1« # 7 + nm. The tangent function is not defined

- is{z|z# % +nm a# 5 +nm naninteger}.

if v # § + nn. Thus, the domain of g(x) = ﬁ

b=3b=0
b

7. (a) An equation for the family of linear functions with slope 2

isy = f(x) = 2x + b, where b is the y-intercept.

(b) f(2) = 1 means that the point (2, 1) is on the graph of f. We can use the \)
point-slope form of a line to obtain an equation for the family of linear

functions through the point (2,1). y — 1 = m(x — 2), which is equivalent

to y = mx + (1 — 2m) in slope-intercept form.

//\
X
/ y—1l=mx—2)

(c) To belong to both families, an equation must have slope m = 2, so the equation in part (b), y = mz + (1 — 2m),

becomes y = 2x — 3. It is the only function that belongs to both families.
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8.

10.

1.

12,

13.

. All members of the family of linear functions f(z) = ¢ — x have graphs

U CHAPTER1 FUNCTIONS AND MODELS

All members of the family of linear functions f(z) = 1 + m(z + 3) have

y
m=1
graphs that are lines passing through the point (-3, 1). v %
m= ?
P AN

y
that are lines with slope —1. The y-intercept is c. \

(=
=

c=2
c=

c=0

The vertex of the parabola on the left is (3,0), so an equation is y = a(z — 3)? + 0. Since the point (4, 2) is on the

parabola, we’ll substitute 4 for 2 and 2 for y to finda. 2 =a(4 —3)> = a = 2,soanequation s f(z) = 2(z — 3)°.
The y-intercept of the parabola on the right is (0, 1), so an equation is y = ax? + bz + 1. Since the points (—2,2) and

(1,—2.5) are on the parabola, we’ll substitute —2 for  and 2 for y as well as 1 for x and —2.5 for y to obtain two equations

with the unknowns a and b.
(—2,2): 2=4a-2b+1 = 4a—-2b=1 a
(1,-2.5): —25=a+b+1 = a+b=-35 ?2)
2-(2)+ @) givesusb6a=—6 = a=-—1.From(2),—1+b=-35 = b= —2.5,50an equation
is g(v) = —2? — 2.5z + 1.
Since f(—1) = f(0) = f(2) =0, f has zeros of —1, 0, and 2, so an equation for f is f(z) = alz — (—1)](z — 0)(z — 2),
or f(z) = ax(x 4+ 1)(x — 2). Because f(1) = 6, we’ll substitute 1 for z and 6 for f(z).
6=a(1)(2)(-1) = —-2a=6 = a= —3,s0anequationfor fis f(z) = —3z(z+ 1)(z — 2).
(a) For T' = 0.02¢ + 8.50, the slope is 0.02, which means that the average surface temperature of the world is increasing at a
rate of 0.02 °C per year. The T-intercept is 8.50, which represents the average surface temperature in °C in the year 1900.
(b) ¢ =2100 — 1900 = 200 = 7T = 0.02(200) 4 8.50 = 12.50°C
(@) D =200, so ¢ =0.0417D(a + 1) = 0.0417(200)(a 4+ 1) = 8.34a + 8.34. The slope is 8.34, which represents the
change in mg of the dosage for a child for each change of 1 year in age.

(b) For a newborn, a = 0, so ¢ = 8.34 mg.
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SECTION 1.2  MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS 0 23

14. (a) y (b) The slope of —4 means that for each increase of 1 dollar for a

200+ rental space, the number of spaces rented decreases by 4. The

y-intercept of 200 is the number of spaces that would be occupied

1001
if there were no charge for each space. The x-intercept of 50 is the

smallest rental fee that results in no spaces rented.

0] 10 20 30 40 50 60 *

15. (a) F (b) The slope of % means that F' increases % degrees for each increase
e of 1°C. (Equivalently, F increases by 9 when C increases by 5
F= %C+ 32 and F’ decreases by 9 when C' decreases by 5.) The F-intercept of
> 32 is the Fahrenheit temperature corresponding to a Celsius
(-40,-40) ¢ temperature of 0.
16. (a) Let d = distance traveled (in miles) and ¢ = time elapsed (in hours). At (b) ¢
t =0,d =0 and at ¢t = 50 minutes = 50 - 6—10 = % h, d = 40. Thus we %67

w =48 and so d = 48¢.
0

6

have two points: (0,0) and (2,40), so m =

(c) The slope is 48 and represents the car’s speed in mi/h.

17. (a) Using N in place of x and 7" in place of y, we find the slope to be ]z;z : 1];;1 = 1?3 : :23 = % = % So a linear

(N-173) & T-80=tN-13 & T=IN+37 [30_5116].

equation is 7" — 80 = &

1
6
(b) The slope of é means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of cricket

chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an increase of 1°F.

(¢) When N = 150, the temperature is given approximately by 7' = & (150) + 2L = 76.16 °F ~ 76 °F.

18. (a) Let x denote the number of chairs produced in one day and y the associated "
cost. Using the points (100, 2200) and (300, 4800), we get the slope 20007
250" = o5 = 13.Soy — 2200 = 13(x — 100) < izzz
y = 13z + 900. 2000:
(b) The slope of the line in part (a) is 13 and it represents the cost (in dollars) 1000;:
of producing each additional chair. ol 100 200 300 x
(c) The y-intercept is 900 and it represents the fixed daily costs of operating
the factory.
19. (a) We are given change in pressure __ 4.34 = 0.434. Using P for pressure and d for depth with the point

10 feet change in depth ~ 10
(d, P) = (0, 15), we have the slope-intercept form of the line, P = 0.434d + 15.
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(b) When P = 100, then 100 = 0.434d + 15 < 0434d =85 < d= % ~ 195.85 feet. Thus, the pressure is

100 Ib/in? at a depth of approximately 196 feet.

. . . Cy—C1 460 — 380 80 1
20. 1 f 1 f find the sl = =— ==
0. (a) Using d in place of x and C' in place of y, we find the slope to be p— 300480 — 320 — 4

So a linear equation is C' — 460 = 1 (d — 800) < C —460=1d—200 < C = id+ 260.

(b) Letting d = 1500 we get C' = 1 (1500) + 260 = 635. (©) ’

1000
The cost of driving 1500 miles is $635.

(d) The y-intercept represents the fixed cost, $260. 00 /

(e) A linear function gives a suitable model in this situation because you

. 0

have fixed monthly costs such as insurance and car payments, as well 500 1000

as costs that increase as you drive, such as gasoline, oil, and tires, and The slope of the line represents the cost per
the cost of these for each additional mile driven is a constant. mile, $0.25.

21. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form

f(z) = acos(bx) + ¢ seems appropriate.

(b) The data appear to be decreasing in a linear fashion. A model of the form f(z) = max + b seems appropriate.

22. (a) The data appear to be increasing exponentially. A model of the form f(z) = a - b” or f(z) = a - b® + c seems appropriate.
(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the form f(z) = a/x seems

appropriate.

Exercises 23—28: Some values are given to many decimal places. These are the results given by several computer algebra systems — rounding is left
to the reader.

23. (a) 5 (b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain
. 8.2 —-14.1 .
y—14.1= 60,000 — 4000 (z — 4000) or, equivalently,

y ~ —0.000105357x + 14.521429.

— 61,000

A linear model does seem appropriate.

61,000

(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855x + 13.950764.

The following commands and screens illustrate how to find the least squares regression line on a T1-84 Plus.
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SECTION 1.2  MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS U

Enter the data into list one (L1) and list two (L2). Press [STAT|[1] to enter the editor.

L1 Lz Lz 1 L1 Lz Lz z
T ETE N . 1zo00 [ 1z.5

good | 13 1000 |12

goon | 13y zooo0 |12y

izo00 | 1ZE o000 | 16.E

o |, fio |3

o000 (1o | || oIl h

L ={4E88H, SAEHE, 3, Lziim =

Find the regession line and store it in Y. Press [2nd][QUIT][STAT|[»] [4] [VARS] ] [ENTER].

LinEealax+by Y10 LinREeg A Flokz Flok:
u=zx+h ~HM1E-9. 978545618
a=-9, 978545 -5 TEAZE-SH+13. 9567
b=13.9587&482 63@??@85
T =
wMr=
My=
[ | MNe=

Note from the last figure that the regression line has been stored in Y; and that Plotl has been turned on (Plotl is

highlighted). You can turn on Plotl from the Y= menu by placing the cursor on Plotl and pressing  ENTER]| or by

pressing (2nd][STAT PLOT|[1][ENTER] .

Flatz  Flat:
o
Fed BB L= Jm

2iFTobz. OFF o R [
Ll Mlistile
T:Flot3. O W1iztils
L1 L& o Mark: B +
44FTots0f F

Now press [ZOOM] (9] to produce a graph of the data and the regression
line. Note that choice 9 of the ZOOM menu automatically selects a window

that displays all of the data.

(d) When = = 25,000, y ~ 11.456; or about 11.5 per 100 population.

(e) When z = 80,000, y ~ 5.968; or about a 6% chance.

(f) When = = 200,000, y is negative, so the model does not apply.

24. (a) 230 (chirps/min) (®) 270 (chirps/min)

P o 45
45 95 (°F) 0

105 (°F)

Using a computing device, we obtain the least squares
regression line y = 4.856x — 220.96.
(c) When z = 100°F, y = 264.7 ~ 265 chirps/min.
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25.

26.

27.

28.

29.

30.

31.

32,

U CHAPTER1 FUNCTIONS AND MODELS

(a) 180 . (b) Using a computing device, we obtain the regression line
o : y = 1.88074x + 82.64974.
o 3
%ﬂ S 180
3
== ° o ~
g
150 e
35 55 fb
Femur length (cm) ﬁ

55

(c) When x = 53 cm, y =~ 182.3 cm.

Femur length (cm)

(a) Using a computing device, we obtain the regression line y = 0.01879x + 0.30480.
50

(b) The regression line appears to be a suitable model for the data.

Percentage

(c) The y-intercept represents the percentage of laboratory rats that

develop lung tumors when not exposed to asbestos fibers.

L
3000

Asbestos exposure
(fibers/mL)

(a) See the scatter plot in part (b). A linear model seems appropriate.

(b) Using a computing device, we obtain the regression line 90,000

y = 1116.64x + 60,188.33.

per day

(c) For 2002, x = 17 and y ~ 79,171 thousands of barrels per day.

Thousands of barrels

For 2012, x = 27 and y ~ 90,338 thousands of barrels per day.

55,000 L
0

Years since 1985
(a) See the scatter plot in part (b). A linear model seems appropriate.

(b) Using a computing device, we obtain the regression line

y = 0.33089x + 8.07321.

Cents/kWh

(c) For 2005, z = 5 and y = 9.73 cents/kWh. For 2013, z = 13 and

y ~ 12.37 cents/kWh.

Years since 2000

If 2 is the original distance from the source, then the illumination is f(x) = kxz~2 = k/z>. Moving halfway to the lamp gives

us an illumination of f(3z) = k(3z) 2 = k(2/x)? = 4(k/2?), so the light is 4 times as bright.

(a) If A = 60, then S = 0.74°3 = 2.39, so you would expect to find 2 species of bats in that cave.

b S=4 = 4=074"" = L= A3 o A= (4—70)10/3 ~ 333.6, so we estimate the surface area of the cave
to be 334 m®.

(a) Using a computing device, we obtain a power function N = cA®, where ¢ ~ 3.1046 and b ~ 0.308.

(b) If A = 291, then N = cA® ~ 17.8, so you would expect to find 18 species of reptiles and amphibians on Dominica.

(a) T = 1.000431 2274 1499528750
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(b) The power model in part (a) is approximately T' = d*-®. Squaring both sides gives us 72 = d>, so the model matches

Kepler’s Third Law, T2 = kd 3.

1.3 New Functions from Old Functions

1. (a) If the graph of f is shifted 3 units upward, its equation becomes y = f(x) + 3.
(b) If the graph of f is shifted 3 units downward, its equation becomes y = f(z) — 3.
(c) If the graph of f is shifted 3 units to the right, its equation becomes y = f(z — 3).
(d) If the graph of f is shifted 3 units to the left, its equation becomes y = f(x + 3).
(e) If the graph of f is reflected about the z-axis, its equation becomes y = — f(x).
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—z).
(g) If the graph of f is stretched vertically by a factor of 3, its equation becomes y = 3 f ().

(h) If the graph of f is shrunk vertically by a factor of 3, its equation becomes y = % f ().

2. (a) To obtain the graph of y = f(x) + 8 from the graph of y = f(z), shift the graph 8 units upward.
(b) To obtain the graph of y = f(x + 8) from the graph of y = f(z), shift the graph 8 units to the left.
(c) To obtain the graph of y = 8f(z) from the graph of y = f(z), stretch the graph vertically by a factor of 8.
(d) To obtain the graph of y = f(8x) from the graph of y = f(x), shrink the graph horizontally by a factor of 8.

(e) To obtain the graph of y = — f(x) — 1 from the graph of y = f(z), first reflect the graph about the z-axis, and then shift it

1 unit downward.

(f) To obtain the graph of y = 8f (éx) from the graph of y = f(x), stretch the graph horizontally and vertically by a factor
of 8.

3. (a) (graph 3) The graph of f is shifted 4 units to the right and has equation y = f(z — 4).
(b) (graph 1) The graph of f is shifted 3 units upward and has equation y = f(z) + 3.
(c) (graph 4) The graph of f is shrunk vertically by a factor of 3 and has equation y = % f(x).
(d) (graph 5) The graph of f is shifted 4 units to the left and reflected about the z-axis. Its equation is y = — f(x + 4).

(e) (graph 2) The graph of f is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is

y=2f(z+6).
4. (a) y = f(x) — 3: Shift the graph of f 3 units down. (b) y = f(x + 1): Shift the graph of f 1 unit to the left.
[T T PATTTT] [T [T [ 1]
[ 1] | [ 1] 1] \ |
o T/0 x
/
/

/

mEE u O T
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(¢) y = 3 f(x): Shrink the graph of f vertically by a

factor of 2.

1

0 X
| I
\ \ \ [

5. (a) To graph y = f(2x) we shrink the graph of f
horizontally by a factor of 2.

The point (4, —1) on the graph of f corresponds to the
point (3 -4,—1) = (2,-1).
(c) To graph y = f(—x) we reflect the graph of f about

the y-axis.

The point (4, —1) on the graph of f corresponds to the
point (—1-4,—1) = (—4,-1).

(d) y = — f(x): Reflect the graph of f about the z-axis.

[ Y [

(b) To graph y = f (%x) we stretch the graph of f
horizontally by a factor of 2.

0 } 2 X

The point (4, —1) on the graph of f corresponds to the
point (2 -4, —1) = (8, —1).

(d) To graph y = — f(—x) we reflect the graph of f about

the y-axis, then about the z-axis.

\%1){

The point (4, —1) on the graph of f corresponds to the
point (—1-4,—1-—-1) = (—4,1).

6. The graph of y = f(x) = +/3x — 2 has been shifted 2 units to the right and stretched vertically by a factor of 2.

Thus, a function describing the graph is

y=2f(z—2)=23(—-2)—(z—-2)2=232—-6— (22 —dx +4)=2V/—-22 + Tz — 10

7. The graph of y = f(z) = v/3z — 22 has been shifted 4 units to the left, reflected about the z-axis, and shifted downward

1 unit. Thus, a function describing the graph is

Yy = —1-
——
reflect

about x-axis

This function can be written as

4 units left

f (x+4) -1
—— ——
shift shift

1 unit left

y=—flz+4)—1=—/3(xz+4) — (z+4)2 -1

=—yBz+12— (22 +8x+16) —1=—v/—22 -5z —4—1
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8. (a) The graph of y = 2sin x can be obtained from the graph (b) The graph of y = 1 + 1/ can be obtained from
of y = sin z by stretching it vertically by a factor of 2. the graph of y = \/x by shifting it upward 1 unit.
Y y
2 -+
_m 37
/\ E i /\
: ' : : : (1.2)
o O \/ e 3\x !
2 2
i) 0 x
9. y = —x?: Start with the graph of y = 2> Y Y
and reflect about the z-axis.
y= 2 y= X2
0 X 0 x
10. y = (« — 3)?: Start with the graph of Y Y

y = 2 and shift 3 units to the right.

1. y = 2 + 1: Start with the graph of Y J

y = > and shift upward 1 unit.

y=x /- y=x+1

1 1 . 1 . . .
12. y = 1 — — = —— 4 1: Start with the graph of y = —, reflect about the x-axis, and shift upward 1 unit.
x x x
y y ¥y

y=-%

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.



30 O CHAPTER1 FUNCTIONS AND MODELS

13. y = 2 cos 3z: Start with the graph of y = cos x, compress horizontally by a factor of 3, and then stretch vertically by a factor
of 2.

y=2cos 3x

y=cos 3x

NN DN N
N A VAAVAAVC AV VES:

14. y = 2¢/x + 1: Start with the graph of y = /=, shift 1 unit to the left, and then stretch vertically by a factor of 2.

y y y
/ 4+
y=x y=ir+1
27 2’/ y=2Jv+1
0 4‘1 X —‘l 3‘ X - 1 3‘ X

15, y =2 — 4o + 5= (2® —4a +4) + 1 = (x — 2)® + 1: Start with the graph of y = 22, shift 2 units to the right, and then

shift upward 1 unit.

1 y=@x—27>+1

0 ‘ 2 x

17. y = 2 — \/z: Start with the graph of y = /=, reflect about the z-axis, and then shift 2 units upward.

y y y
y=vkx y=—x y=2-\x
2 24\
0 4 x 0 1 x 0 4 x
_2,,
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SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS O 31

18. y = 3 — 2 cos z: Start with the graph of y = cos z, stretch vertically by a factor of 2, reflect about the x-axis, and then shift

y
2
y=cosx \ /\ y=2cosx
0 ; o \/ 0 \7 i

3 units upward.

y=-2cos x

VARV T

y=3—2cosx

. . ¥ ¥
19. y = sin(z/2): Start with the graph of y=sinx y=sin(x/2)
y = sin x and stretch horizontally by a 1l 1l
N\ 7 /5 . 27
factor of 2. 7 0 NS 0 ~x
20. y = |x| — 2: Start with the graph of Y N Y
y=|x
y = |x| and shift 2 units downward.
l +
0 ] x
21. y = |z — 2|: Start with the graph of
y
y = || and shift 2 units to the right. y= x|
1
o >

2. y= i tan(z — §): Start with the graph of y = tan z, shift £ units to the right, and then compress vertically by a factor of 4.

y=tan x y=tan(x—7%) y=%tan(x—7747)
y

(=27 =T =27 ,_ /7 (=-T' =27 17
r== x=-z  x=T5 x= X=-g x=T x=Tg

Iy
>
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32 0O CHAPTER1 FUNCTIONS AND MODELS

23. y = |\/x — 1|: Start with the graph of y = /z, shift it 1 unit downward, and then reflect the portion of the graph below the
x-axis about the z-axis.

y=x

R _
\ )
Il
<
=]
|
=
1 <
Il
=
|

24. y = |cos mz|: Start with the graph of y = cos z, shrink it horizontally by a factor of 7, and reflect all the parts of the graph

below the x-axis about the z-axis.

v

25. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21) is

14 — 12 = 2. So the function is L(t) = 12 + 2sin[ 2% (¢ — 80)]. March 31 is the 90th day of the year, so the model gives

L(90) ~ 12.34 h. The daylight time (5:51 AM to 6:18 PM) is 12 hours and 27 minutes, or 12.45 h. The model value differs

from the actual value by 1242=12:3% ~ 0.009, less than 1%.

26. Using a sine function to model the brightness of Delta Cephei as a function of time, we take its period to be 5.4 days, its
amplitude to be 0.35 (on the scale of magnitude), and its average magnitude to be 4.0. If we take ¢ = 0 at a time of average
brightness, then the magnitude (brightness) as a function of time ¢ in days can be modeled by the formula
M (t) = 4.0 4+ 0.35sin(251).

242

. 1
= 5 m, average magnitude =T7m,

27. The water depth D(t) can be modeled by a cosine function with amplitude 12—

and period 12 hours. High tide occurred at time 6:45 AM (¢ = 6.75 h), so the curve begins a cycle at time ¢ = 6.75 h (shift
6.75 units to the right). Thus, D(t) = 5cos [23(t — 6.75)] + 7 = 5cos [%(t — 6.75)] + 7, where D is in meters and ¢ is the
number of hours after midnight.

2500 — 2000

28. The total volume of air V() in the lungs can be modeled by a sine function with amplitude — = 250 mL, average
volume w = 2250 mL, and period 4 seconds. Thus, V' (t) = 250 sin %T’rt + 2250 = 250sin 5t + 2250, where V'

is in mL and ¢ is in seconds.
29. (a) To obtain y = f(|z|), the portion of the graph of y = f(z) to the right of the y-axis is reflected about the y-axis.
(b) y = sin || ©y =l

y = sin |x|
\ /,

\/0‘ N
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3.

32,

33.

34,

SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS U 33

The most important features of the given graph are the z-intercepts and the maximum y

and minimum points. The graph of y = 1/f(z) has vertical asymptotes at the z-values

where there are x-intercepts on the graph of y = f(z). The maximum of 1 on the graph x

of y = f(x) corresponds to a minimum of 1/1 = 1 ony = 1/ f(x). Similarly, the

minimum on the graph of y = f(z) corresponds to a maximum on the graph of y

y = 1/f(x). As the values of y get large (positively or negatively) on the graph of K} K

y = f(z), the values of y get close to zero on the graph of y = 1/ f(x). \ x
ﬂ

f(z) = 2® +22% g(z) =32° —1. D =R forboth f and g.
@) (f +9)(x) = (¥ +22%) + (32> — 1) = 2® + 52® — 1, D = (—o0,0), or R.
O (f—g9)(x)=(*+22*) - B2 —1) =2 -2 +1, D=R.

© (f9)(x) = (2* +22%)(32” — 1) = 32" + 62* —2” — 22, D =R.

(d) (g)@):%, D= {x|x7éi%}since3x2717é0.

flz)=v3—1z, D=(—00,3]; g(z)=+v2?2—-1, D= (—00,—1]U][1,00).

@ (f+9)(x)=v3—z++V22 -1, D= (—00,—1] UL, 3], which is the intersection of the domains of f and g.
®) (f—g9)(z)=vV3—xz—+v22—-1, D= (—00,—1]U]JL,3].

© (fg)(z)=v3—z-v22 -1, D= (—00,—1]U]JL,3].

@ ($)w- 2=

E 2 —1

f

, D = (—o00,—1) U (1, 3]. We must exclude x = £1 since these values would make = undefined.
g

f(z) =32 +5; g(z) =2®>+=x. D =R for both f and g, and hence for their composites.
@ (fog)(z) = f(g(x)) = f(z* +2) =3(2*+2) +5=32>+32+5, D=R.
) (90 f)(@) = g(f(2)) = g(3z +5) = (32 +5)* + (3z +5)

= 9x% + 302 + 25+ 3z + 5 = 922 + 332 + 30, D =R.

© (fof)=f(f(2)=f(3z+5)=3Bx+5)+5=9z+15+5=92+20, D=R.

) (909)(z) = g(g(2)) = g(2® + z) = (2® + 2)* + (2* + 2)
:x4+2x3+x2+x2+$:$4+2x3+2w2+x, D =R.

f(x) =2 —2; g(x) =1 —42. D = R for both f and g, and hence for their composites.

@ (fog)(z)= f(g(x)) = f(1 —4z) = (1 - 4z)® -2
= (1)% — 3(1)%(4x) + 3(1)(4z)? — (4z)®> —2 =1 — 12z + 48x% — 642> — 2
=—1—12z +48z% —642®, D =R.

® (go @) =g(f(z) =g@*—2)=1—-4(2*-2)=1-42>+8=9—42°>, D=R.
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34 [ CHAPTER1 FUNCTIONS AND MODELS
© (fo @) = f(f(x)) = f(a® —2) = (2 = 2)* -2
= (2)%® = 3(2*)%(2) + 3(2%)(2)% — (2)® — 2 = 2? — 62° + 122®> — 10, D =R.
@) (gog)(x)=9g(g9(x)) =g9g(1 —4a)=1—-4(1—4z) =1—4+4 162 = -3+ 16z, D =R.
B, f(x)=vVe+1,D={z|x>-1}; g(xr) =4z -3, D=R.
(@) (fog)(z) = f(g9(z)) = f4x —3) = /(4o —3) + 1 = Az — 2
The domain of fogis{z |4z —3 > -1} ={z |4z >2} = {z |z > 1} = [5, ).
) (g0 f)(@) = 9(f(@) = g(vaFT) = 4/7F1 -3
The domain of g o f is {« | « is in the domain of f and f(z) is in the domain of g}. This is the domain of f, that is,

{z|z+1>0}={z|z> -1} =[-1,00).

© (fof)@)=f(flx)=f(Va+1)=VVe+1+1
For the domain, we need « + 1 > 0, which is equivalent to > —1, and v/x + 1 > —1, which is true for all real values

of 2. Thus, the domain of f o f is [—1, c0).
(d) (gog)(x) = glg(x)) = g(4z — 3) = 4(4x — 3) —3 =162 — 12— 3 = 162 — 15, D =R.
36. f(z) =sinxz; g(z) =2®+1. D =R forboth f and g, and hence for their composites.
@) (fog)(x) = f9(x)) = f(a® +1) =sin(a® + 1), D =R.
®) (go f) = g(f(x)) = g(sinz) = (sinz)® + 1 =sin*2+1, D =R.
© (fo f)(x) = f(f(z)) = f(sinz) = sin(sinz), D =R.

@ (gog)(x) =g(g(x) =g(a®+1) = (®+ 1)’ +1=a"+22° + 1+ 1=2"+22"+2, D=R

W f@)=a+1, D={r |2 £0k gl)= 0, D={o|s -2}
@ (Foa)@) = o) = 1 (55 ) = Tog + o7 = Ty +
P
@D+ )+ (@ +2)(@+2) (@424 1)+ (2 +4e+4) 2% 462 +5
(x+2)(z+1) - (x+2)(z+1) C(z+2)(z+1)

Since g(x) is not defined for z = —2 and f(g(z)) is not defined forx = —2 and x = —1,
the domain of (f o g)(z) is D = {z | z # —2,—1}.

<I+l>+1 2 +1+a
x

B B 1) _ o T 7I2+1‘+17$2+CB+1
(b)(gof)(x)_g(f(x))_g(ﬁx)_<x+l>+2_:p2+1+2x_:p2+2x+1_ (z +1)2
x X

Since f(z) is not defined for = 0 and g(f(z)) is not defined for x = —1,
the domain of (g o f)(z) is D = {z | x # —1,0}.
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39.

40.

41.

42.

43.

44.

SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS U

1 1 1 1 1 1 T
@ Uon@=rua)=r(s+3)=(v+3)+ Gr=rt 1+ m =+t
w(x)(2?+1) +1(a® +1) +x(x) 2 22422 +1+22
N z(z?2 +1) N z(z2 +1)
z* + 322 +1
_r T Tl po
@) {z |z +#0}
ac+1Jrl z+1+1(x+2)
B (x4l _z+2 " w42 wm4l4at+2 2243
(d)(909)(”6)’9(9(%))’9(93%)* v+l Tk 1+2w+2) w+1+20+4 3u+5
z+2 T+ 2

Since g(x) is not defined for z = —2 and g(g(x)) is not defined for z = —3,

the domain of (g o g)(z) is D = {x |z # ,27,%}'

flz) = 115 D={z|z#-1}; g(z) =sin2z, D=R.
@ (f 0 9)(x) = f(g(x)) = f(sin20) = 7 jizjf%

Domain: 1 +sin2x #0 = sin2zx# -1 = Zx#?)?ﬂJrZTm = x;é?%Jrﬂn [n an integer].

® (00 @) = (@) =9 T ) =sin( 125 ).
Domain: {z | z # —1}

© (fo N@) = f(f(@) = f(l_fx) = Hl?_ = <1<+11i>.>(.1:1) = T T T
z 14+

Since f(x) is not defined for z = —1, and f(f(x)) is not defined for z = —3,
the domain of (f o f)(z)is D = {z |z # —1,—3}.

(d) (909)(9) = 9(9(x)) = g(sin 2z) = sin(2sin 2z).

Domain: R

(fog0h)(@) = f(g(h(x))) = f(9(z%)) = f(sin(a?)) = 3sin(a?) — 2
(fogoh)(@) = flg(h(@)) = f(g(Va) = F(27) = 27 — 4

(fogoh)(z) = fg(h(x))) = f(g(z® +2)) = fl(=® +2)7]
= f(a® +42° +4) = /(25 + 423 +4) -3 =Vab + 423 + 1

(fogoh)(x) = f(g(h(x) = f(g(¥/z)) = f(\s/g/f 1) :tan<\:y§/f 1)

Let g(x) = 2z 4 2% and f(z) = z*. Then (f o g)(z) = f(9(2)) = f(2x + 22 ) = (22 4+ 2*)* = F(x).

Let g(z) = cosz and f(x) = 22. Then (f o g)(z) = f(g(z)) = f(cosz) = (cosx)? = cos®> x = F(x).
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45.

46.

41.

48.

49.

50.

51.

52,

53.

54.

U CHAPTER1 FUNCTIONS AND MODELS

Letg(x) = ¢/ and f(x) = . Then (f 0 0)(x) = f(9(x)) = f(¥/Z) = f = F(a).

Letg(z) = T and f(2) = Y& Then (7 0 9)(a) = F(a(o) = £ (75 ) = {7 = 6o
Let g(t) = t* and f(t) = secttant. Then (f o g)(t) = f(g(t)) = f(t?) = sec(t?) tan(t?) = v(t).
Let g() = tan t and f(t) — 1—+t Then (f 0 g)(£) = f(g(t)) = f(tant) = lia?a’;t — u(t).

Let h(z) = v/7, g(x) = x — 1, and f(z) = /Z. Then

(fogoh)(z) = f(g(h(x))) = flg(vx)) = (V2 —1) = VVr—1=R(z
Let h(z) = |z|, g(z) = 2 + x, and f(x) = /z. Then
(fogoh)(x) = f(g(h(x))) = f(g(|z])) = f 2+ [z]) = ¥/2+ |2| = H(z).

Let h(t) = cost, g(t) = sint, and f(t) = t>. Then

(fogoh)(t) = f(g(h(t))) = f(g(cost)) = f(sin(cost)) = [sin (cost)]* = sin®(cost) = S(t).

@) f(g(1)) = f(6) =5 (b) g(f(1)) = g(3) =2

© f(f(1)=[f(3) =4 (d) g(g(1)) = g(6) =3

©) (9o f)B)=9(f(3)) =g(4) =1 () (fo9)(6) = f(g(6)) = f(3) =4

(a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g(2)) = f(5) = 4, because the point (5, 4) is on the

graph of f.
(b) g(f(0)) = g(0) =3
() (fo9)(0) = f(g(0)) = f(3)=0

(d) (go f)(6) = g(f(6)) = g(6). This value is not defined, because there is no point on the graph of g that has

a-coordinate 6.
(© (g09)(=2) = g(9(=2)) = g(1) =4
) (fe £)4) =f(f(4) = f(2) = -2
To find a particular value of f(g(z)), say for = 0, we note from the graph that g(0) ~ 2.8 and f(2.8) ~ —0.5. Thus,

f(g(0)) = f(2.8) =~ —0.5. The other values listed in the table were obtained in a similar fashion.

z | g(z) | flg(z)) z | g(z) | flg(z)) ]
5| -02] -4 o| 28] -05 1
4| 12| -33 1| 22| -17 A R /
3| 22| -17 2| 12| -33 N *
—2| 28] -05 31 -02]| -4 i
~1| 3 | -02 4| -19]| —22 T

5| -41] 19
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SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS U

55. (a) Using the relationship distance = rate - time with the radius r as the distance, we have r(t) = 60t.
b)) A=ar? = (Aor)(t) = A(r(t)) = m(60t)® = 36007t This formula gives us the extent of the rippled area
(in cm?) at any time ¢.
56. (a) The radius r of the balloon is increasing at a rate of 2 cm/s, so 7(t) = (2 cm/s)(t s) = 2t (in cm).
(b) Using V = 37r®, we get (Vo r)(t) = V(r(t)) = V(2t) = 37(2t)* = L7t°.

The result, V = 3—3277153, gives the volume of the balloon (in cm?®) as a function of time (in s).

57. (a) From the figure, we have a right triangle with legs 6 and d, and hypotenuse s. ship ¢
By the Pythagorean Theorem, d*> + 6 = s> = s = f(d) = v/d2 + 36. 6 g
: s
(b) Using d = rt, we get d = (30 kmy/h) (¢ hours) = 30¢ (in km). Thus, g
d = g(t) = 30t. light;ouse shoreline

(©) (fog)(t) = f(g(t)) = £(30t) = /(30t)2 + 36 = /900t + 36. This function represents the distance between the
lighthouse and the ship as a function of the time elapsed since noon.
58. (a)d=rt = d(t) =350t
(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse with length s:
d? +12 = 5% Thus, s(d) = Vd2 + 1.

(© (s 0d)(t) = s(d(t)) = s(350t) = \/(3500)% + 1

59. (a) H (b) %
] 120
OT ! OT t
i 0 ift<0
H(t) = 0 <o Vi(t) = , so V(t) = 120H(t).
1 ift>0 120 if t>0
() 4 Starting with the formula in part (b), we replace 120 with 240 to reflect the
240 -—

different voltage. Also, because we are starting 5 units to the right of ¢ = 0,

we replace ¢ with ¢ — 5. Thus, the formula is V' (¢) = 240H (¢t — 5).

0| 5 t
0. (a) R(t) = tH(1) wve={" "< @VH =1 <t
. (a = = c -
2% if 0<t<60 A(t—7) ifT7T<t<32
0 ift<O
=) iteso so V(1) = 2tH(t), t < 60, so V() = A(t — T)H(t — 7T), t < 32.
1% V.
R 120
100
1 /
o] 1 t o e o] 7 3 1
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61.

62.

63.

64.

65.

66.

U CHAPTER1 FUNCTIONS AND MODELS

If f(z) = miz + by and g(z) = mox + by, then
(fog)(x) = flg9(x)) = f(mez + b2) = mai(mazx + b2) + b1 = mimaz + m1bs + b1.

So f o g is a linear function with slope mims.

If A(z) = 1.04x, then

(Ao A)(x) = A(A(x)) = A(1.042) = 1.04(1.04x) = (1.04)%z,

(Ao Ao A)(z) = A((Ao A)(x)) = A((1.04)%*z) = 1.04(1.04)%*z = (1.04)%z, and

(AoAo Ao A)(z) = A((Ao Ao A)(z)) = A((1.04)3x) = 1.04(1.04)3x, = (1.04)*=.

These compositions represent the amount of the investment after 2, 3, and 4 years.

Based on this pattern, when we compose n copies of A, we get the formula (Ao Ao ---0 A)(z) = (1.04)"z.

I T

(a) By examining the variable terms in g and h, we deduce that we must square g to get the terms 42 and 4z in h. If we let
f(z) = 2® + ¢, then (fo g)(x) = f(g(x)) = fF(2x +1) = (22 + 1)® 4+ ¢ = 42 4+ 42 + (1 + ¢). Since
h(z) = 42® + 4z + 7, we must have 1 + ¢ = 7. So ¢ = 6 and f(x) = 2 + 6.

(b) We need a function g so that f(g(z)) = 3(g(z)) + 5 = h(z). But
h(z) =3z> + 3z +2=3(2?+2) +2=3(z> + 2 — 1) + 5, s0 we see that g(z) = 2% + = — 1.

We need a function g so that g(f(z)) = g(z +4) = h(z) = 4o — 1 = 4(z + 4) — 17. So we see that the function g must be
g(z) = 4z —17.

We need to examine h(—x).
h(—z) = (f o g)(—z) = f(9(—x)) = f(g(z)) [because giseven] = h(z)

Because h(—x) = h(x), h is an even function.

h(—z) = f(g(—z)) = f(—g(z)). At this point, we can’t simplify the expression, so we might try to find a counterexample to

show that h is not an odd function. Let g(2) = =, an odd function, and f(z) = 2 + 2. Then h(z) = x> + x, which is neither
even nor odd.

Now suppose f is an odd function. Then f(—g(z)) = —f(g9(z)) = —h(z). Hence, h(—x) = —h(z), and so h is odd if
both f and g are odd.

Now suppose f is an even function. Then f(—g(z)) = f(g(z)) = h(z). Hence, h(—z) = h(z), and so h is even if g is

odd and f is even.

1.4 Exponential Functions

1.

2.

3.

473 28 28 22 6 1 1 4
_% _ _ 2 _ 986 _92_ — ENEVE:
@ 2-8 7 43 (22)3 96 2 =2"=4 (b) 3/h x4/ T z
(a) 8/3 = (8% =24 =16 (b) £(32%)% = x - 3%3(2?)® = 27z - 2° = 2727
8 4 _ 38 odpd _ 12 (6y°)* _ 6% (y*)* _ 1296y _ 7
(a) b5(20)* = b - 24p* = 16D (b) W T 2 T 3 = 648y
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4 ( ) x2n . 1’37171 m277,«&»3n71 1‘577,71 P
. (a = = =2
xn+2 IE"+2 xn+2

Vavb _ Vavvb _ al/2pt/4 — o(1/2-1/3)p(1/4-1/3) _ ,1/6p—1/12
Yab Yab al/3p1/3

5 (a) f(z)=b", b>0 bR (¢) (0,00) (d) See Figures 4(c), 4(b), and 4(a), respectively.

(b)

6. (a) The number e is the value of a such that the slope of the tangent line at x = 0 on the graph of y = a” is exactly 1.

(b) e &~ 2.71828 ©) flz)=¢"

7. All of these graphs approach 0 as x — —o0, all of them pass through the point 5y=20"y=5"y=e¢"
1

(0,1), and all of them are increasing and approach co as © — oo. The larger the

base, the faster the function increases for = > 0, and the faster it approaches 0 as

T — —00.
Note: The notation “xz — 00” can be thought of as “x becomes large” at this point. 5
More details on this notation are given in Chapter 2.

8. The graph of e~ is the reflection of the graph of e” about the y-axis, and the ’ y=8"
graph of 8™ is the reflection of that of 8* about the y-axis. The graph of 8”
increases more quickly than that of e® for = > 0, and approaches 0 faster
as r — —oo.

9. The functions with bases greater than 1 (3” and 10%) are increasing, while those

with bases less than 1 [(3)” and (55)“] are decreasing. The graph of (1) is the

reflection of that of 3* about the y-axis, and the graph of (1—10)1 is the reflection of

that of 10” about the y-axis. The graph of 10” increases more quickly than that of

3% for z > 0, and approaches 0 faster as + — —oo.

10. Each of the graphs approaches co as © — —o0, and each approaches 0 as

x — o0o. The smaller the base, the faster the function grows as z — —oo, and

the faster it approaches 0 as z — oo.

11. We start with the graph of y = 4% (Figure 3) and shift it 1 unit

down to obtain the graph of y = 4% — 1.

y=2"

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.



40 [ CHAPTER1

12. We start with the graph of y = (0.5)”

FUNCTIONS AND MODELS

(Figure 3) and shift it 1 unit to the right to

obtain the graph of y = (0.5)* .

13. We start with the graph of y = 27

(Figure 16), reflect it about the y-axis, and
then about the z-axis (or just rotate 180° to
handle both reflections) to obtain the graph of
y = —27 %, In each graph, y = 0 is the

horizontal asymptote.

14. We start with the graph of y = ¢® (Figure 16) and

reflect the portion of the graph in the first quadrant

about the y-axis to obtain the graph of y = ¢/®!.

y y
44 44
2
y=1(0.5) y=1(0.5""
1 \
) 0 X -1 0 X
¥ y y
O/""x
-1
—/ \
0 x 0 x
y=2" y=2"" y=-2""
y y
y=e* yzg"\‘
/ 1
0 > 0 T X

15. We start with the graph of y = e (Figure 16) and reflect about the y-axis to get the graph of y = e~ “. Then we compress

the graph vertically by a factor of 2 to obtain the graph of y = %e"” and then reflect about the x-axis to get the graph of

Y= 7%671' Finally, we shift the graph upward one unit to get the graph of y =1 — %e

—x

y y y y y
y=1
N j—
(0.3)—
Ol/fx 0 x
o1 . 1 1o -2
y=e" 1 y=e 7 y=73e 2 . .
M~ y=—ze" y=1-—3e"
0 0 x 0 X

16. We start with the graph of y = e” (Figure 13) and reflect about the z-axis to get the graph of y = —e”. Then shift the graph

upward one unit to get the graph of y = 1 — e”. Finally, we stretch the graph vertically by a factor of 2 to obtain the graph of

y=2(1-¢").

=3

y=2(-¢
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(a) To find the equation of the graph that results from shifting the graph of y = e” 2 units downward, we subtract 2 from the
original function to get y = e — 2.
(b) To find the equation of the graph that results from shifting the graph of y = e” 2 units to the right, we replace x with x — 2

in the original function to get y = e(®=2),

(c) To find the equation of the graph that results from reflecting the graph of y = e” about the x-axis, we multiply the original
function by —1 to get y = —e”.

(d) To find the equation of the graph that results from reflecting the graph of y = e* about the y-axis, we replace  with —x in

the original function to gety = e~ *.

(e) To find the equation of the graph that results from reflecting the graph of y = e* about the z-axis and then about the

y-axis, we first multiply the original function by —1 (to get y = —e”) and then replace « with —z in this equation to

x

gety = —e

(a) This reflection consists of first reflecting the graph about the x-axis (giving the graph with equation y = —e®)

and then shifting this graph 2 - 4 = 8 units upward. So the equation is y = —e® + 8.

(b) This reflection consists of first reflecting the graph about the y-axis (giving the graph with equation y = e )

and then shifting this graph 2 - 2 = 4 units to the right. So the equation is y = e~ (@),

(a) The denominator is zero when 1 — 20 o =1 & 1-22=0 & z==+1. Thus,

2
1—¢ .
T o has domain {z | z # £1} = (—o0, —1) U (—=1,1) U (1, 00).

the function f(z) = T

. . . 1 .
(b) The denominator is never equal to zero, so the function f(x) = R has domain R, or (—o0, 00).

eCOS.’IJ
(a) The function g(¢) = v/10" — 100 has domain {¢ | 10° — 100 > 0} = {¢ | 10° > 10%} = {t [ t > 2} = [2,00).
(b) The sine and exponential functions have domain R, so g(t) = sin(e’ — 1) also has domain R.

Use y = Cb” with the points (1,6) and (3,24). 6=Cb' [C=2%] and24=CH = 24= (%)b3 =
4=0 = b=2 [sinceb>0] andC = $ = 3. The function is f(z) = 3 - 2”.

Use y = Cb” with the points (—1,3) and (1, 3). From the point (—1, 3), we have 3 = Cb™", hence C = 3b. Using this and
thepoint (1,5), wegetsa =Cb' = 5=(3b)b = 5=0b> = b=2 [sinceb>0] andC =3(2)=2. The

function is f(z) = 2(2)”.

If f(z) = 5%, then = -

f(I+h)—f($) B 5x+h_5x B 5x5h_5x B 5m(5h_1) _ 5o 5h_1
h - h N h h - ’

Suppose the month is February. Your payment on the 28th day would be 22871 = 227 = 134,217,728 cents, or
$1,342,177.28. Clearly, the second method of payment results in a larger amount for any month.

2ft=241in, f(24) = 24% in =576in = 48 ft. ¢(24) = 2**in = 2**/(12 - 5280) mi ~ 265 mi
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42 [0 CHAPTER1 FUNCTIONS AND MODELS

26. We see from the graphs that for x less than about 1.8, g(x) = 5% > f(x) = z°, and then near the point (1.8, 17.1) the curves
intersect. Then f(z) > g(z) from x ~ 1.8 until z = 5. At (5, 3125) there is another point of intersection, and for z > 5 we

see that g(z) > f(z). In fact, g increases much more rapidly than f beyond that point.

325

2
4375 50,000
y=5
y=x’
L5 7
27. The graph of g finally surpasses that of f at x ~ 35.8.
1x10"

-12
28. We graph y = ¢” and y = 1,000,000,000 and determine where 1,100,0(00,000 :
e® =1 x 10°. This seems to be true at z ~ 20.723, so e > 1 x 10°
for z > 20.723.
0 25
29. (a) 190 A (b) Using a graphing calculator, we obtain the exponential
i . curve f(t) = 36.89301(1.06614)".
o
o g .
5C .
e L]
0 25
t (hours)
(c) Using the TRACE and zooming in, we find that the bacteria count 199
doubles from 37 to 74 in about 10.87 hours. g
iz
2SS
m
0 25

t (hours)
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a) Three hours represents 6 doubling periods (one doubling period is 30 minutes). 500 - 26 = 32,000
(a) % gp gp

(b) In ¢ hours, there will be 2¢ doubling periods. The initial population is 500, 110,000
so the population y at time ¢ is y = 500 - 2%,
@©t=%=2 = y=500-22*% ~1260
(d) We graph y; = 500 - 22* and y» = 100,000. The two curves intersect at
t ~ 3.82, so the population reaches 100,000 in about 3.82 hours. 0 3

(a) Fifteen days represents 3 half-life periods (one half-life period is 5 days). 200 (%)3 =25mg
(b) In ¢ hours, there will be ¢/5 half-life periods. The initial amount is 200 mg,

so the amount remaining after ¢ days is y = 200 (%)t/ > mg, or equivalently,

200
y=200-2""% mg.
(¢) t = 3 weeks = 21 days = y =200-272"°~10.9mg
(d) We graph 1 = 200 - 27%/5 and yo = 1. The two curves intersect at
t ~ 38.2, so the mass will be reduced to 1 mg in about 38.2 days. . 0

(a) Sixty hours represents 4 half-life periods. 2 - (%)4 =1g

(b) In ¢ hours, there will be ¢/15 half-life periods. The initial mass is 2 g,

l)t/lS.

so the mass y at time ¢t isy = 2 (3

0.02
(c)ddays=4-24=96hours. t =96 = y=2- ()" ~0.024¢
2
(d)y=0.01 = t~114.7 hours { \J
100 150

0

From the table, we see that V(1) = 76. In Figure 11, we estimate that V' = 38 (half of 76) when ¢ =~ 4.5. This gives us a
half-life of 4.5 — 1 = 3.5 days.

)t/1.5

(a) The exponential decay model has the form C'(¢) = a( , Where ¢ is the number of hours after midnight and C(¢) is

1
2

t/1.5

the BAC. When ¢ = 0, C(t) = 0.6,50 0.6 = a(1)° & a = 0.6. Thus, the model is C(¢) = 0.6(3)

(b) From the graph, we estimate that the BAC is 0.08 mg/mL when €04 (mg/mL)
0.6
t &~ 4.4 hours. (Note that the legal limit is often 0.08%, which is not

0.08 mg/mL.)

0.08

t (hours)

43

35. Let t = 0 correspond to 1950 to get the model P = ab®, where a ~ 2614.086 and b ~ 1.01693. To estimate the population in

1993, let t = 43 to obtain P ~ 5381 million. To predict the population in 2020, let ¢ = 70 to obtain P =~ 8466 million.

36. Let t = 0 correspond to 1900 to get the model P = ab’, where a ~ 80.8498 and b ~ 1.01269. To estimate the population in

1925, let t = 25 to obtain P = 111 million. To predict the population in 2020, let ¢ = 120 to obtain P ~ 367 million.
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4 [ CHAPTER1 FUNCTIONS AND MODELS
37. 2 From the graph, it appears that f is an odd function (f is undefined for z = 0).
flx) = i J_r":/: To prove this, we must show that f(—z) (z).
o
-3 3 1
1_61/(71) 1_6(71/17) _617 el/l‘ el/z_l
Fe2) =T o = Trecim = T "el/e = el/ot1
L+ el/z
5 1— el/m
T T T1tele —f(@)
so f is an odd function.
38. We’ll start with b = —1 and graph f(z) = ﬁ fora =0.1, 1, and 5. p 2
From the graph, we see that there is a horizontal asymptote y = 0 as x — —o0 a=1
grap ymp Y N 7-:.5——
and a horizontal asymptote y = 1 as  — oo. If a = 1, the y-intercept is (0, 3 ). , a -
As a gets smaller (close to 0), the graph of f moves left. As a gets larger, the graph b1
\
of f moves right. -1
As b changes from —1 to 0, the graph of f is stretched horizontally. As b p 2
changes through large negative values, the graph of f is compressed horizontally. b=-05 b=_2
(This takes care of negatives values of b.) b=-0.1 \_5:
-7
L a=1
-1
If b is positive, the graph of f is reflected through the y-axis.
b=2
Last, if b = 0, the graph of f is the horizontal line y = 1/(1 4 a). _
1.5 Inverse Functions and Logarithms
1. (a) See Definition 1.
(b) It must pass the Horizontal Line Test.
2. f'(y)=x < f(z)=yforanyyin B. The domain of f ! is B and the range of f ™' is A.
(b) See the steps in (5).
(c) Reflect the graph of f about the line y = .
3. f is not one-to-one because 2 # 6, but f(2) = 2.0 = f(6).
4. f is one-to-one because it never takes on the same value twice.
5. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the

function is not one-to-one.
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. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one.
. No horizontal line intersects the graph more than once. Thus, by the Horizontal Line Test, the function is one-to-one.

. We could draw a horizontal line that intersects the graph in more than one point. Thus, by the Horizontal Line Test, the

function is not one-to-one.

. The graph of f(z) = 2x — 3 is a line with slope 2. It passes the Horizontal Line Test, so f is one-to-one.

Algebraic solution: If x1 # xa,then 2z1 # 2z = 2x1 —3 #2232 —3 = f(21) # f(x2), so f is one-to-one.

The graph of f(x) = x* — 16 is symmetric with respect to the y-axis. Pick any 2-values equidistant from 0 to find two equal

function values. For example, f(—1) = —15and f(1) = —15, so f is not one-to-one.
g(x) =1—sinz. ¢(0) =1 and g(w) = 1, so g is not one-to-one.
The graph of g(z) = /z passes the Horizontal Line Test, so g is one-to-one.

A football will attain every height h up to its maximum height twice: once on the way up, and again on the way down.

Thus, even if ¢1 does not equal 2, f(¢1) may equal f(¢2), so f is not 1-1.

f is not 1-1 because eventually we all stop growing and therefore, there are two times at which we have the same height.
(a) Since fis 1-1, f(6) =17 < f~'(17) =6.

(b) Since fis1-1, f'(3) =2 <« f(2)=3.

First, we must determine = such that f(x) = 3. By inspection, we see that if z = 1, then f(1) = 3. Since f is 1-1 (f is an
increasing function), it has an inverse, and f~*(3) = 1. If f is a 1-1 function, then f(f~*(a)) = a, so f(f~*(2)) = 2.

First, we must determine x such that g(z) = 4. By inspection, we see that if z = 0, then g(z) = 4. Since g is 1-1 (g is an

increasing function), it has an inverse, and g~ *(4) = 0.

(a) f is 1-1 because it passes the Horizontal Line Test.

(b) Domain of f = [~3, 3] = Range of f~'. Range of f = [~1, 3] = Domain of f~*.

(c) Since f(0) =2, f~1(2) =0.

(d) Since f(—1.7) = 0, f~(0) ~ —1.7.

We solve C' = 2(F —32) for F: 2C = F —32 = F = 2C + 32. This gives us a formula for the inverse function, that

is, the Fahrenheit temperature F’ as a function of the Celsius temperature C. F' > —459.67 = %C’ + 32 > —459.67 =

%C’ > —491.67 = C(C > —273.15, the domain of the inverse function.

mo v? mé v? mé 2 2 mé mé
m= ——— = 17—2:—2 = —2:17—2 = VT =cC 17—2 = vV=c 1*—2
V1—v2/c? C m C m m m

This formula gives us the speed v of the particle in terms of its mass m, that is, v = f~*(m).

y=flz)=1+v2+3z (y>1) = y—-1=y2+3z = (-1>=2+3z = (y-1)°-2=3z =
= %(y—1)> — 2. Interchange x and y: y = 1(z — 1)®> — 2. So f ' (=) = 2(z — 1)* — 2. Note that the domain of f~*

isx>1.
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4r —1
y=f(£)=22+3 = y2z+3)=4dr—-1 = 2uzy+3y=4r—-1 = 3y+l=dz—2zy =
_ia _3y+1 o 3x41 1 _3r+1
y+1=04-2y)x = mf4_2y.1nterchangexandy.y7—4_2I.Sof (m)—4_2$.

y=f()=e*"' = hhy=22-1 = l+hy=2z = z=3i(l+Iny).

Interchange z andy: y = (1 +1Inz). So f~'(z) = 3(1 +Inz).
y=f@)=a>-z (z>3) = y=2"-z+i-7 = y=@-3°-1 =

y+%:(:1:f%)2 = xz—3=4/y+3 = x=32+,/y+ 1 Interchangezandy: y =1+ /z+ 5. S0

y=f(x)=In(xr+3) = z+3=e" = z=e¢—3 Interchangezandy: y =e® —3.So f'(x) =" — 3.

= y(l+e ™) =1-e" = yt+ye=1—e" = ye®+y=e”—1 [multiply

eachtermbye®] = ye®—e"=—-y—1 = e (y—-1)=-y—-1 = e””:i—i—z = x:ln(%).

Interchange x and y: y = ln(i —&—x). So f~l(x) = ln(1 +I).

—x 11—z
v’ -3
y=f(z)=v4z+3 (y>0) = y¥*=42+3 = z= VSRR
2 _ 2 _
Interchange = and y: y = z 3. So f~l(z) = T3 (z > 0). From

the graph, we see that f and f~! are reflections about the line y = .

y=flz)=14+e® = e =y—1 = —z=kh(y-1) =
z = —1In(y — 1). Interchange z and y: y = —In(z — 1).

So f~!(z) = —In(z — 1). From the graph, we see that f and f ' are

reflections about the line y = .

Reflect the graph of f about the line y = x. The points (—1, —2), (1, —1),
(2,2), and (3, 3) on f are reflected to (—2,—1), (—1,1), (2,2), and (3, 3)

on f~1.
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y
Reflect the graph of f about the line y = x.
fﬂ
2
1
A
of 1 2\x
(@y=f(z)=v1—22 (0<z<1landnotethaty >0) =
Y=1-2 = 22=1—9*> = z=,/1-92 S0 y
FHx)=+v1T—22, 0<2 <1 Weseethat f 'and f are the same .
function. £
(b) The graph of f is the portion of the circle 2% + 3 = 1 with 0 < = < 1 and
0 < y < 1 (quarter-circle in the first quadrant). The graph of f is symmetric
with respect to the line y = z, so its reflection about y = = is itself, that is, 0 1
X
ft=r
@y=gx)=vV1l-23 = y?’zlfx3 = 963:172;3 = 2

z=3/1—133 Sog ! (x) =1 — 23 Weseethat g and g~ * are the 4

same function. ‘\
-2 + 2

(b) The graph of ¢ is symmetric with respect to the line y = x, so its reflection

about y = x is itself, that is, g~! = g.

-2

(a) It is defined as the inverse of the exponential function with base b, that is, log, z =y < b’ =z.
(b) (0, 00) R (d) See Figure 11.

(a) The natural logarithm is the logarithm with base e, denoted In z.

(b) The common logarithm is the logarithm with base 10, denoted log x.

(c) See Figure 13.
(a) log, 32 = log, 2° = 5 by (7).

(b) logg2 = logg8'/% = 1 by (7).
Another method: Set the logarithm equal to x and change to an exponential equation.
logs2=20 & 8 =2 & (2°)'=2 & 2%=2' & 32=1 & z=3.

1 1 _
(a) log; o5 = log; == logs 57% = —3 by (7).
(b) In(1/e?) =Ine™2 = —2 by (9).

(a) log,, 40 + log,, 2.5 = log,, [(40)(2.5)] [by Law 1]
= log,;, 100
= log;, 102 = 2 [by (7)]
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(b) log 860 — logg 3 — logg 5 = logg & — logg 5 [by Law 2]
= logg 20 — logg 5
= logg 2—50 [by Law 2]

=logg4d =logg 8%/ =2 [by(7)]

1

1 - 1
—In2 __ _ . ,—1n2 __ In2 _o—1 __
(@e =z 5 by (9). Or: e =(e"?) T =2""= B

(b) ) — 3 by (9)] =3 by (9).

In10 4 2In5=In10 + In 5 [by Law 3]
= In[(10)(25)] [by Law 1]
=1n250
Inb+2Inc—3Ind=Inb+1Inc? —Ind> [by Law 3]
=1Inbc® —Ind? [by Law 1]
bc?
= lnﬁ [by Law 2]

X

% In(z + 2)3 + % [lna: — ln(ac2 4+ 3z + 2)2] = In[(z + 2)3}1/3 + % In m

[by Laws 3, 2]

VT
=1 2 In ———— L
n(e+2)+In [by Law 3]
(x +2)y/z
=ln——— by Law 1
(z+1)(z+2) [by Law 1]
=In Ve
z+1
Note that since In z is defined for > 0, we have = + 1, = + 2, and 22 + 3z + 2 all positive, and hence their logarithms
are defined.
Inl 1
(a) log; 10 = 1nn—50 [by (10)] = 1.430677 (b) log, 57 = lnn_537 [by (10)] ~ 3.680144
. 1 1 _
To graph these functions, we use log, 5 * = % and logs, = = % 3 y= 10g 1.5%
y=Inx
These graphs all approach —oo as ¢ — 0T, and they all pass through the E y=logox
point (1,0). Also, they are all increasing, and all approach co as z — oo. 0 ?’ NI ‘;z logsgx
The functions with larger bases increase extremely slowly, and the ones with
smaller bases do so somewhat more quickly. The functions with large bases
-5
approach the y-axis more closely as x — 0.
. We see that the graph of In x is the reflection of the graph of e about the p 3 y/ :ﬁ)x Y :‘ex
line y = z, and that the graph of log,, « is the reflection of the graph of 10*
about the same line. The graph of 10” increases more quickly than that % Y= lln .
y=log, x
of e”. Also note that log,, * — 0o as * — oo more slowly than In x. -2 —T : 3
\ f J
-2
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45. 3 ft = 36 in, so we need x such that log, x = 36 < 2 = 236 = 68,719,476,736. In miles, this is

1ft 1 mi

68,719,476,736 o 5980 fi

~ 1,084,587.7 mi.

46. 40

15

1x10" 0 7X10

From the graphs, we see that f(z) = 2°! > g(x) = Inz for approximately 0 < x < 3.06, and then g(x) > f(x) for

3.06 < x < 3.43 x 10*® (approximately). At that point, the graph of f finally surpasses the graph of g for good.

47. (a) Shift the graph of y = log,  five units to the left to (b) Reflect the graph of y = In = about the z-axis to obtain
obtain the graph of y = log,,(z + 5). Note the vertical the graph of y = — In .
asymptote of z = —5. y y

y g y

ol /1 > St 4 o =x ol /1 X 01\\x

y =log,x y =logy(z +5) y=Inz y=—Inz

48. (a) Reflect the graph of y = In x about the y-axis to obtain (b) Reflect the portion of the graph of y = In x to the right
the graph of y = In (—x). of the y-axis about the y-axis. The graph of y = In |z|

[N

is that reflection in addition to the original portion.

1‘ /X \_11’ /

1 X

0o x

y=Inz y=1In(—2) y=Ilnz y = In|z|

49. (a) The domain of f(z) = Inz 4 2 is z > 0 and the range is R.

B)y=0 = lnz+2=0 = lnr=-2 = z=¢2

(c) We shift the graph of y = In z two units upward.

50. (a) The domain of f(z) = In(x — 1) — 1is z > 1 and the range is R. y x=1
e
®y=0 = In(z-1)—-1=0 = hE-1)=1 = 0 e+l X
r—1=¢" = z=c+1

fx)y=Inx—1)—1

(c) We shift the graph of y = In = one unit to the right and one unit downward.
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@e =6 & T—4dz=I6 < T7-ln6=4z < z=1(7—1Inb)

) In(Bz—10)=2 <« 3z-10=€* & 3z=€+10 < z=1i(’+10)

@Inz?-1)=3 & 2*-1=¢ & 22=14+¢ & z=4/1+¢3

(b) e —3e"+2=0 < ("= 1)(e"—2)=0 < e*=1lore®=2 & z=Inlorz =In2,s0z =0orln2

(@2 =3 & log,3=2—-5 & x=>54+log,3.

In3 In3
. 9T—5 z—5 _ — — 5= —=— = JE—
Or:2°°=3 & In(2"°)=mh3 & (z—5h2=mh3 & z-5 s < ¢ 5+ln2

G Inz+n(z—1)=In(z(z-1)=1 < =x(x—1)=e' < z*—2—e=0.The quadratic formula (witha = 1,
b= —1,and ¢ = —e) gives & = 3 (1 = /1 + 4e), but we reject the negative root since the natural logarithm is not

defined for x < 0. So x = %(1+\/1+4€>,

@In(nz)=1 & "2 =l o hhz=e=¢c o "=¢ & z=c¢

(b) e =Ce?® & Ine®™ =In[C(e")] & arxr=InC+Ine®”® & ax=InC+bz <

ar—br=InC & (a—-bz=IhC & z:;nicb

(@lnzr<0 = x<e® = z < 1. Sincethe domain of f(x) = Inzis z > 0, the solution of the original inequality
is0<z <1
b)e*>5 = Ine”*>Inb5 = x>Inb

32-1 c 92 = Inl<3r—-1<ln2 = 0<3zx—-1<lh?2 = 1<3x<1+h2 =

@1<e
i1 <z<3:(1+n2)

b)1-2lnz<3 = —2lhz<2 = hr>-1 = z>e!

(a) Wemusthavee® —3 >0 < e® >3 <« > In3. Thus, the domain of f(z) = In(e® — 3) is (In 3, 00).

B)yy=mnE"-3) = e=e"-3 = " =e'+3 = z=In(e’+3),s0 f () =In(e” +3).

Nowe®+3>0 = e”> —3, which is true for any real x, so the domain of f~* is R.

(a) By (9), €™3% = 300 and In(e3°°) = 300.
(b) A calculator gives €™ 3°° = 300 and an error message for In(e3°°) since €3°° is larger than most calculators can evaluate.
We see that the graph of y = f(z) = V23 + 22 + x + 1 is increasing, so f is 1-1. 5

Enter z = /93 + y2 4+ y + 1 and use your CAS to solve the equation for y.
Using Derive, we get two (irrelevant) solutions involving imaginary expressions,

as well as one which can be simplified to the following:

y=f"(2)=—LB (YD—27a% + 20— YD+ 27a% — 20+ V2) -2
\ J
where D = 3+v/31/27z% — 4022 + 16. -1

[continued]
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SECTION 1.5  INVERSE FUNCTIONS AND LOGARITHMS U 51

Maple and Mathematica each give two complex expressions and one real expression, and the real expression is equivalent

, . o 1 M3 —8—2M3
to that given by Derive. For example, Maple’s expression simplifies to — 8

6 2M1/3

, where

M = 10822 + 12 /48 — 12022 + 81z% — 80.

60. (a) If we use Derive, then solving z = y% 4 y* for y gives us six solutions of the form y = i% v B — 1, where

B e {—2sin§,251n(§ + %) ,—2003<§ + %)} and A = sin ! (27962_ 2). The inverse for y = 28 + 24

(x>0)isy = ?VB — 1 with B = 2sin (é + %) , but because the domain of A is [0, 5= |, this expression is only

valid for z € [0, 5].

Happily, Maple gives us the rest of the solution! We solve = = 3® + 3 for y to get the two real solutions

1/3((02/3 —201/3 1 4
:I:? \/O @ i CR+ ),whereC’:108:c+12\/§\/:p(27m—4),andtheinversef0ry:x6+x4 (x >0)

is the positive solution, whose domain is [, 00).

Mathematica also gives two real solutions, equivalent to those of Maple. (b)
.. . \/6 3 1/3 3 —-1/3
The positive one is e J4DY3 + 232D — 2, where

D = —2+ 27z + 3v/3/2+/27z — 4. Although this expression also has domain

[%, oo), Mathematica is mysteriously able to plot the solution for all z > 0.

0 - 2
61. (a) n = f(t) = 10023 = % —9t3 o logz(%) :é = t= 310g2(%). Using formula (10), we can
In(n/100)

ite thisas ¢ = f~'(n) = 3-
write this as f(n) ™D

. This function tells us how long it will take to obtain n bacteria (given the

number 7).

In ( 30:000
(b) n =50,000 = t= f71(50,000) =3- n( 100 ) =3 In 500 ~ 26.9 hours
In2 In2

— Ou(1 — e-t/a Q _ 1 a ~tfa_1_Q (-2
62. (a) Q@ =Qo(1l—e ) = Qoil e = e =1 0o = afln(l Qo) =

t = —aln(l — Q/Qo). This gives us the time ¢ necessary to obtain a given charge Q.
b)Q=09Qoanda =2 = t=-2In(1—-0.9Q0/Qo) =—-21In0.1 ~ 4.6 seconds.
63. (a) cos '(—1) = 7 because cos ™ = —1 and = is in the interval [0, 7] (the range of cos ™).
(b) sin™" (0.5) = Z because sin Z = 0.5 and Z is in the interval [—Z, %] (the range of sin™ ).
64. (a) tan~'y/3 = 5 because tan & = V3 and % is in the interval (fg, %) (the range of tan™1).

(b) arctan(—1) = —7 because tan(—7) = —1 and —F is in the interval (—%, 5 ) (the range of arctan).
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(a) csc ~'v/2 = Z because csc T = /2 and Z isin (0, %] U (7, 2] (the range of csc™ ).

M Y : L ™ g H ™ ™ 3
(b) arcsin1 = 3 because sin 5 = 1 and 7 is in [—5, 5 | (the range of arcsin).

(=1/v/2) = —Z because sin(—%) = —1/v/2and — % isin [— %, Z].
(b) cos 1(\/3/ ) = Z because cos & =/3/2 and £ is in [0, ].

(a) sin ~*

(a) cot ™' (—V/3) = 2Z because cot 2 = —+/3 and 2 is in (0, ) (the range of cot™").
2

(b) sec™' 2 = Z because sec 5 = 2and % isin [0, 3) U [, 2F) (the range of sec™ ).

3
(a) arcsin(sin(b7/4)) = arcsin(fl/\/i) —Z because sin(—%) = —1/v/2and —Z isin -3.5]

(b) Let 0 =sin~' () [see the figure].

cos(2 sin™ (%)) = cos 20 = cos?0 — sin6
:(12)27(5)2_144 25 _ 119

13 13) — 169 = 169 — 169

Lety = sin~ ! 2. Then -3 <y<3% = cosy=>0,s0 cos(sin"!z) = cosy = /1 —sin?y = V1 — 2.

Let y = sin™! 2. Then siny = z, so from the triangle (which
illustrates the case y > 0), we see that 1
x
tan(sin"! z) = tany = ——.
( ) V= g i
Lety = tan~! 2. Then tany = x, so from the triangle (which
illustrates the case y > 0), we see that V1+x2
sin(tan™' x) = siny = ———
V14 22 v .
1
Let y = arccos x. Then cosy = x, so from the triangle (which
illustrates the case y > 0), we see that ! N
sin(2 arccos z) = sin2y = 2siny cosy 5
X

=2(v1—2a?)(x) =2xv1— 2

-1 The graph of sin ™" « is the reflection of the graph of
/ y=sinx
y =sinx /

\ J

y=sin"lx -

sin x about the line y = x.

(S1E]
L]

SIE]
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SECTION 1.5  INVERSE FUNCTIONS AND LOGARITHMS U 53

The graph of tan ! z is the reflection of the graph of

74. 37 y=tanx
q ) tan x about the line y = x.
“ ly=tan"lx
T w
2 2
y=tan"lx
’ J
y=tanx -3
75. g(z) = sin ™' (3z + 1).
<0} =[-3,0]

{fr]-2<3z2<0}={z|-2<z

].

Domain (g) = {z | -1 <3z +1 <1}

[_

IMJE]
IJE]

)

Range (9) = {y | -5 <y < 3}

76. (a) f(z) = sin(sirf1 )

Since one function undoes what the other one does, we get the

identity function, y = x, on the restricted domain —1 < z < 1.

(b) g(x) = sin™!(sinx) y
This is similar to part (a), but with domain R. /\ 3 /\
Equations for g on intervals of the form / - 0 = 7T\/ \ x

2
g

(=% + mn, 3 4 mn), for any integer n, can be

found using g(z) = (=1)"z + (—=1)"nr.
The sine function is monotonic on each of these intervals, and hence, so is g (but in a linear fashion).

77. (a) If the point (z, y) is on the graph of y = f(xz), then the point (z — ¢, y) is that point shifted ¢ units to the left. Since f
is 1-1, the point (y, z) is on the graph of y = £~ (x) and the point corresponding to (z — ¢, y) on the graph of f is

(y,x — c) on the graph of f~'. Thus, the curve’s reflection is shifted down the same number of units as the curve itself is

shifted to the left. So an expression for the inverse function is ¢~ *(x) = f~ () — c.
(b) If we compress (or stretch) a curve horizontally, the curve’s reflection in the line y = z is compressed (or stretched)

vertically by the same factor. Using this geometric principle, we see that the inverse of h(x) = f(cx) can be expressed as

W ) = (1/e) f7 (@),
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54 [ CHAPTER1 FUNCTIONS AND MODELS
1 Review
TRUE-FALSE QUIZ
1. False.  Let f(x) = 2% s = —1,andt = 1. Then f(s +t) = (=1 +1)? = 0® = 0, but
)+ )= (-1 +1?=2#0= f(s +1).
2. False.  Let f(2) = 2% Then f(—2) =4 = f(2), but —2 # 2.
3. False.  Let f(z) = 2% Then f(3z) = (3z)® = 927 and 3f(x) = 32 So f(3z) # 3f(x).
4. True. If z1 < 22 and f is a decreasing function, then the y-values get smaller as we move from left to right.
Thus, f(z1) > f(z2).
5. True. See the Vertical Line Test.
6. False.  Let f(z) = 2% and g(z) = 22. Then (f o g)(z) = f(g(z)) = f(2z) = (2z)* = 42* and
(g0 f)(x) =g(f(x)) = g(a*) = 22°. S0 fog #go f.
7. False.  Let f(z) = 2. Then f is one-to-one and f~*(x) = &/z. But 1/ f(x) = 1/2®, which is not equal to f~*(x).
8. True. We can divide by e” since e” # 0 for every .
9. True. The function In z is an increasing function on (0, co).
10. False. Letz = e. Then (Inz)® = (Ine)® =1° = 1, but6lnz =6lne =6-1 =6 # 1 = (Inz)°. What is true, however,
is that In(2°) = 6 Inx for = > 0.
2 Inz Ine* 2lne T e .
11. False. Letz = e“and a = e. Then — = = =2andIn — =In — = lne = 1, so in general the statement
Ina Ine Ine a e
is false. What is true, however, is that In r_ Inx — Ina.
a
12. False.  Itis true that tan £ = —1, but since the range of tan™" is (—%, ), we must have tan™" (—1) = —Z.
13. False. For example, tan ' 20 is defined; sin~* 20 and cos ™! 20 are not.
14. False.  For example, if = —3, then \/(—3)%? = v/9 = 3, not —3.
EXERCISES
1. (a) Whenz = 2,y ~ 2.7. Thus, f(2) =~ 2.7.

b) f(z) =3 = 2~23,56
(c) The domain of f is —6 < z < 6, or [—6, 6].
(d) The range of f is —4 <y < 4, or [—4,4].

(e) f is increasing on [—4, 4], that is, on —4 < z < 4.
(f) f is not one-to-one since it fails the Horizontal Line Test.

(g) f is odd since its graph is symmetric about the origin.
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CHAPTER1 REVIEW O

. (@) When z = 2, y = 3. Thus, g(2) = 3. y g %

(b) g is one-to-one because it passes the Horizontal Line Test.

(c) Wheny =2, 2~ 0.2. Sog~*(2) =~ 0.2. g

(d) The range of g is [—1, 3.5], which is the same as the domain of g~*.

(e) We reflect the graph of ¢ through the line y = x to obtain the graph of g~ .

. f(x) =2 =2z + 3,50 fla+h) = (a+ h)? —2(a+h) +3 = a® + 2ah + h? — 2a — 2h + 3, and
fla+h)—fla) (a®+2ah+h®>—2a—2h+3)—(a®—2a+3) h(2a+h—2)

h = h h =2a+h-—2.
. There will be some yield with no fertilizer, increasing yields with increasing yield
fertilizer use, a leveling-off of yields at some point, and disaster with too
much fertilizer use.
0] fertilizer
- flx) =2/(3z —1). Domain: 3z —1#0 = 3z#1 = z#3. D= (—00,3)U(3,00)

Range: all reals except 0 (y = 0 is the horizontal asymptote for f.)
R = (—00,0) U (0,00)

. g(z) = /16 — z%. Domain: 16 —z* >0 = 2'<16 = |2|< V16 = |z/<2. D=[-22]
Range: y>0andy <v16 = 0<y<4
R =10,4]
. h(z) =In(z + 6). Domain: z+6>0 = x> —-6. D= (—6,00)

Range: x4+ 6 > 0, so In(z + 6) takes on all real numbers and, hence, the range is R.

R = (—00,00)

.y = F(t) = 3+ cos 2t. Domain: R. D = (—o0, 00)

Range: —1<cos2t<1 = 2<3+cos2t<4 = 2<y<4
R =[2,4]

. (a) To obtain the graph of y = f(x) + 8, we shift the graph of y = f(z) up 8 units.

(b) To obtain the graph of y = f(x + 8), we shift the graph of y = f(x) left 8 units.

(c) To obtain the graph of y = 1 4+ 2f(x), we stretch the graph of y = f(x) vertically by a factor of 2, and then shift the

resulting graph 1 unit upward.

(d) To obtain the graph of y = f(z — 2) — 2, we shift the graph of y = f(x) right 2 units (for the “—2” inside the

parentheses), and then shift the resulting graph 2 units downward.

(e) To obtain the graph of y = — f(x), we reflect the graph of y = f(x) about the z-axis.

(f) To obtain the graph of y = f~*(x), we reflect the graph of y = f() about the line y = z (assuming f is one—to-one).
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10. (a) To obtain the graph of y = f(z — 8), we shift the
graph of y = f(z) right 8 units.

y

0‘ '1 X

(c) To obtain the graph of y = 2 — f(z), we reflect the

graph of y = f(x) about the z-axis, and then shift the
resulting graph 2 units upward.

y

~.

0 i X

(e) To obtain the graph of y = f~ (), we reflect the

graph of y = f(x) about the line y = x.

1. y = (z — 2)3: Start with the graph of y = x> and shift

2 units to the right.

12. y = 2/x: Start with the graph of y = /z and stretch

vertically by a factor of 2.

(b) To obtain the graph of y = — f(z), we reflect the graph

of y = f(x) about the z-axis.

(d) To obtain the graph of y = 3 f(z) — 1, we shrink the

graph of y = f(z) by a factor of 2, and then shift the

resulting graph 1 unit downward.

Jise

Of 4 X

(f) To obtain the graph of y = f~!(x 4 3), we reflect the
graph of y = f(x) about the line y = x [see part (e)],
and then shift the resulting graph left 3 units.

5
1

0 X
y y
y= X3
0 x o /2 X
y=@x-2)
y y ‘
- y=2x
y=x
0 X 0 X
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y=2a®> -2 +2= (2 -2z + 1)+ 1= (z — 1)® 4 1: Start with the graph of y = 2, shift 1 unit to the right, and shift

1 unit upward.

Ir y=@x—17%+1

y

y = In(x + 1): Start with the graph of y = In z and shift

left 1 unit.
y = In(x+1)

f(z) = —cos2z: Start with the graph of y = cos z, shrink horizontally by a factor of 2, and reflect about the z-axis.

| y=cos 2x y=—cos 2x

’ AN A T\ /\*/\ P
77 PR AV VARV VE I Y A/ \ﬂ/ &/ \rx

fa) —x ifr <0 y
xT) =
e* —1 ifx>0

On (—00,0), graph y = —x (the line with slope —1 and y-intercept 0) y=—x y=e'—1

with open endpoint (0, 0).

On [0, 00), graph y = e® — 1 (the graph of y = e” shifted 1 unit downward)
with closed endpoint (0, 0).

(a) The terms of f are a mixture of odd and even powers of z, so f is neither even nor odd.

(b) The terms of f are all odd powers of x, so f is odd.

(©) f(-=) = e = e = f(z), so fiseven.
(d) f(—z) =1+sin(—x) =1 —sinz. Now f(—=z) # f(x) and f(—x) # —f(x), so f is neither even nor odd.

—2, and an equationisy — 0 = —2(z + 1) or.

For the line segment from (—2, 2) to (—1, 0), the slope is 0 _+22 =

equivalently, y = —2x — 2. The circle has equation 2> + y? = 1; the top half has equation y = /1 — 22 (we have solved for
2 —2 if —2<z< -1

Vi—z?2 if -1<z<1

f(z)=Inz, D=(0,00); g(x)=2>—-9, D=R.

@ (fog)(x) = fg(x)) = f(a* = 9) = In(2® - 9).
Domain: 22 —9>0 = 2°>9 = |2/>3 = =z (—00,—3)U(3,00)

positive y). Thus, f(z) = {
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) (go f)(@) = g(f(x)) = g(Inz) = (Inz)® — 9. Domain: z > 0, or (0, o)

© (fo f)ix) = f(f(x)) = f(lnz) = In(lnz). Domain: Inz >0 = 2>’ =1,0r(1,00)

(d) (gog)(z) =g(g9(z)) = g(x* —9) = (> —9)®> — 9. Domain: = € R, or (—o0, 00)

Let h(z) = x + v/, g(xz) = /z,and f(z) = 1/x. Then (f o go h)(x) = 1 F(z).

80

T +\T

Many models appear to be plausible. Your choice depends on whether you

think medical advances will keep increasing life expectancy, or if there is
bound to be a natural leveling-off of life expectancy. A linear model,

y = 0.2493x — 423.4818, gives us an estimate of 77.6 years for the

1890 : 2010 year 2010.
45
(a) Let x denote the number of toaster ovens produced in one week and ¥4 (cost)
y the associated cost. Using the points (1000, 9000) and 12,0001
9000

(1500, 12,000), we get an equation of a line:

y=6x+ 3000

6000 T
12,000 — 9000
— = — 3000+
y — 9000 = —ZEr—rrrs (« — 1000) =
y =6 (z —1000) +9000 = y = 6z -+ 3000. 500 1000 1500 2000 ¥

(toaster ovens)

(b) The slope of 6 means that each additional toaster oven produced adds $6 to the weekly production cost.

(c) The y-intercept of 3000 represents the overhead cost—the cost incurred without producing anything.

We need to know the value of  such that f(z) = 2z 4+ Inz = 2. Since z = 1 givesus y = 2, f~*(2) = 1.
_rtl Interchanging = and y gives us x = y+1 = 2zyt+r=y+1 = 2y—y=1—-2 =
y—2$+1- gimng ye T oyt Y =Y Yy—-y=

11—z
2r—1)=1-2 = y= ="' ().
Y-l =l-z = y=—2="@)

(a) 621113 — (eln3)2 — 32 =9

(b) logy, 25 + log, 4 = log,,(25 - 4) = log,, 100 = log,, 10> = 2

(c) tan(

1\ _ 1
)—tan%—%

(d) Let @ = cos™?! %, so cosf = %. Then sin(cosf1 (%)) =sinf =+1—cos20 =4/1— (%)2 = \/g: %

(@e*=5 = z=Inb

b)lnx=2 = x=e¢

2

©e =2 = & =In2 = z=In(n2)

(dtan'z=1 = tantan 'z =tanl = z =tanl (= 1.5574)
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27. (a) After 4 days, 3 gram remains; after 8 days, § g; after 12 days, § g; after 16 days, = g.
b) m(4) = =, m(8) = =, m(12) = —, m(16) = —. From the patt that m(t) = — 2~ t/4
(b) m(4) = §,m( )= 2—2,m( )= ﬁ,m( )—?, rom the pattern, we see that m(t) = 573> Of .

(ym=2"* = log,m = —t/4 = t= —4log, m; this is the time elapsed when there are m grams of ‘°°Pd.

(dm=001 = t=—4log,0.0l = —4<lnh?'§1) ~ 26.6 days
28. (@) 00 The population would reach 900 in about 4.4 years.
0 10
(b) P = __100,000 = 100P + 900Pe~* = 100,000 = 900Pe~* = 100,000 — 100P =
~ 100 + 900e~* o ’ o ’
ot — 100,000 — 100P ~ t—In 1000 — P ~ 4= —1n 1000 — P orln 9P )
N 900P N 9P N 9P ’ 1000 — P )’

this is the time required for the population to reach a given number P.

9-900

) = In 81 ~ 4.4 years, as in part (a).
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[J PRINCIPLES OF PROBLEM SOLVING

1. By using the area formula for a triangle, % (base) (height), in two ways, we see that
4 .
14)(y) = 2(h)(a),s0a = Ty Since 42 +y? = h?, y = v/h2 — 16, and
4v/h? — 16
a=——.:
h
, P? — 100
2. Refer to Example 1, where we obtained h = —5p The 100 came from
Y , 4 times the area of the triangle. In this case, the area of the triangle is
12 2 _
2(h)(12) = 6h. Thus, h = PT‘;(%) = 2Ph=P?-24h =
a
2 h(2P+24)=P* = h P
2Ph + 24h = P - -
b 24h = 2P + 24
20 —1 if >3 x+5 ifz>-5
3.2z -1 = L and |z + 5] =
2

1-2z ifz< —x—5 ifx<-H

Therefore, we consider the three cases x < —5, =5 <z < %, and z > %

Ifx < —5,wemusthave 1 — 2z — (—xz —5) =3 <&z = 3, which is false, since we are considering x < —5.
If -5 <z < g,wemusthavel — 2z — (z+5) =3 & x=-1
Ifﬂcz%,WemusthaveQx—l—(;r+5):3 & =09

So the two solutions of the equation are x = —% andz = 9.

. 1 zr—1 ifx>1 J | 3) r—3 ifx>3
e =1 = an z—3|=
1—z ifz<l1 3—z ifx<3

Therefore, we consider the three cases x < 1,1 < x < 3,and = > 3.

Ifz < 1l,wemusthavel —x — (3—2)>5 < 0> 7, whichis false.
Ifl<z <3 wemusthavexr —1—(3—2)>5 < x> %,which is false because x < 3.
Ifx >3, wemusthavex —1— (z —3) >5 < 2> 5, whichis false.
All three cases lead to falsehoods, so the inequality has no solution.
5 f(z) = ’:1:2 — 4 || +3{. Ifx > 0, then f(x) = fo —dz +3| = |(z —1)(z - 3)|.
Case (i): If0 < x < 1,then f(z) = 2* — 4z + 3.
Case (ii): If1 < x < 3,then f(z) = —(2® — 4z +3) = —x + 4z — 3.
Case (iii): If x > 3, then f(z) = 2* — 4z + 3.

This enables us to sketch the graph for z > 0. Then we use the fact that f is an even

function to reflect this part of the graph about the y-axis to obtain the entire graph. Or, we

could consider also the cases ¢ < —3, -3 < x < —1,and -1 < x < 0.
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U PRINCIPLES OF PROBLEM SOLVING

g(z) = |2 = 1| — [2* — 4|.

22 —1 if [z >1 x? —4 if |z| >2
|a:271| = and |:1:274| =
1—2? if 2| <1 4—2 if |z| <2

Sofor0 < |z| < 1,g(z) =1 —2% — (4 —2?) = -3, for
1< |z] <2,9(z) =2% —1— (4 —2?) = 22 — 5, and for

|z] > 2,9(x) =2* —1— (2* —4) = 3.

. Remember that |a| = a if @ > 0 and that |a| = —a if a < 0. Thus,

] 2z if x>0 q o] 2y
T+ || = an + =

0 ifz<0 v 0
We will consider the equation = + |z| = y + |y| in four cases.

Hz>0y>0 @z>0y<0 @B)z<0y>0 A z<0,y<0
2z = 2y 22 =0 0=2y 0=0

T=y z=0 0=y
Case 1 gives us the line y = x with nonnegative x and y.
Case 2 gives us the portion of the y-axis with y negative.
Case 3 gives us the portion of the z-axis with x negative.

Case 4 gives us the entire third quadrant.

if y>0
if y<O

|z —y|+ |x| — Jy| <2 [call this inequality (x)]
Case (i): z>y>0. Then(x) & z—y+zrz—-y<2 & z—y<l & y>z-1
Case (ii):  y >z > 0. Then(x) & y—z+rx—-—y<2 <& 0<L2 (true).
Case (iii): x>0andy <0. Then(x) & z—y+or+y<2 & 202 & =<1
Case (iv): z<0andy>0. Then(») <& y—z—z—y<2 & 22 & > -1
Case (v): y<z<0. Then(x) & zxz—-—y—zx+y<2 <& 0<L2 (true).
Case (vi): x<y<0. Then(*) & y—zrz—z+y<2 & y—zx<1 <& y<z+1
Note: Instead of considering cases (iv), (v), and (vi), we could have noted that Y
the region is unchanged if = and y are replaced by —z and —y, so the region is [
symmetric about the origin. Therefore, we need only draw cases (i), (ii), and : :
(iii), and rotate through 180° about the origin. - ’ t
4
9. (a) To sketch the graph of y g =x y
f(z) = max {x,1/x}, we first graph
g(z) = z and h(z) = 1/z on the same hy =1 .
coordinate axes. Then create the graph of 0 x \/ i x

f by plotting the largest y-value of g and h

for every value of z.

f(x)=max{x, 1/x}
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(b)

g(x) =sinx h(x) =cos x f(x)=max{sin x, cos x}

f(x)=max{x% 2 +x,2 —x}

y=2+x y=2-x

On the TI-84 Plus, max is found under LIST, then under MATH. To graph f(z) = max {mZ, 24,2 — x}, use

Y = max(z?, max(2 + x,2 — z)).

10. (a) If max {z,2y} = 1, theneitherz =1 and 2y <1 Y
or x <1 and 2y = 1. Thus, we obtain the set of r=1y=1t
<ly=3
points suchthatx =1 and y < % [a vertical line
0 x
with highest point (1, 3)] or @ <1 and y =3 1yt
=1,y<2
[a horizontal line with rightmost point (1, 3)].
(b) The graph of max{x, 2y} = 1 is shown in part (a), and Y
1
the graph of max{z, 2y} = —1 can be found in a Y73
similar manner. The inequalities in 0 -
—1 < max{z, 2y} < 1 give us all the points on or y=—1
inside the boundaries. x=-1 =1
2 _ y
(¢) max{z,y°’} =1 < y=lx<i
x=1,
r=1and y» <1 [-1<y<1] —1<y<l1
or <1 and y* =1 [y =+1]. 0 x
y=—-lLx=<1

In3\ /In4\ /In5 In 32 In32 In2° 5In2
. (log, 3)(log; 4)(log, 5) - - (logzy 32) = (m) (m) (m) (1n31) "Wz Wz m2 °
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—x— 72
12. (a) f(—x)=1n<—m+ (—m)2+1> :1n<—x+m._$ z +1)
—r— V2 +1
2_ (241 B
—1In w :ln( 1 )zln( 1 )
—x—Vx2+1 —r—vx2+1 x+ /—:]32+1
=ln1—ln(x+\/x2+1):_1n(x+m):_f($)
(b)yZIn(x—l-\/xZ—i—l).Interchanging;randy,wegetggzln(y+ /y2+1) - ex:y_i_m -

e —1

e —y=12+1 = -+’ =9y +1 => ¥ —1=2" = y= es

=" (@)

1B.In(2*>-20-2)<0 = 2°-22-2<e’=1 = 2°-22-3<0 = (z-3)(z+1)<0 = z€[-1,3].
Since the argument must be positive, 22 — 2z —2 >0 = [m—(l—\/g)][m—(1+\/§)]>0 =

z € (—00,1—/3) U (1+v/3,00). The intersection of these intervals is [—1,1 — /3) U (1 +v/3,3].

14. Assume that log, 5 is rational. Then log, 5 = m/n for natural numbers m and n. Changing to exponential form gives us

2™/™ — 5 and then raising both sides to the nth power gives 2™ = 5™. But 2™ is even and 5" is odd. We have arrived at a

contradiction, so we conclude that our hypothesis, that log, 5 is rational, is false. Thus, log, 5 is irrational.

15. Let d be the distance traveled on each half of the trip. Let ¢1 and ¢ be the times taken for the first and second halves of the trip.
For the first half of the trip we have t1 = d/30 and for the second half we have t2 = d/60. Thus, the average speed for the

total distance ~ 2d 2d @ _120d  120d
total time _t1+t2_i+i 60 2d+d  3d
30 60

entire trip is = 40. The average speed for the entire trip

is 40 mi/h.

16. Let f(x) = sinz, g(z) = z, and h(x) = x. Then the left-hand side of the equation is
[f o (g+ h)](z) = sin(z + =) = sin2z = 2sinz cos x; and the right-hand side is

(fog)(z)+ (f oh)(z) =sinz + sinx = 2sinz. The two sides are not equal, so the given statement is false.

17. Let S,, be the statement that 7" — 1 is divisible by 6.
e S is true because 71 — 1 = 6 is divisible by 6.

e Assume S, is true, that is, 7% — 1 is divisible by 6. In other words, 7% — 1 = 6m for some positive integer m. Then
T 1=7F.7—-1=(6m+1)-7—1=42m + 6 = 6(7m + 1), which is divisible by 6, 50 Sk is true.

e Therefore, by mathematical induction, 7" — 1 is divisible by 6 for every positive integer n.

18. Let S, be the statement that 1 +3 45+ --- + (2n — 1) = n?
e S is true because [2(1) — 1] = 1 = 1%
e Assume S, is true, thatis, 1 +3 +5 + - -+ + (2k — 1) = k2. Then
143454+ +k—1)+2k+1)—1=1+3+5+-+2k—1)+2k+1)=k>+ (2k+1) = (k+1)°
which shows that Sy is true.

e Therefore, by mathematical induction, 1 +3 + 5 + - - - + (2n — 1) = n? for every positive integer n.
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19. fo(z) = 2? and fri1(x) = fo(fu(z)) forn =0,1,2,....

PRINCIPLES OF PROBLEM SOLVING 11 65

fi(@) = folfo(2)) = fo(2?) = (¢2)* = 2%, fa(2) = fo(f1(z)) = fo(a?) = (&%) = 25,

2n+1

f3(x) = fo(fo(z)) = fo(2®) = (2®)® = 2'°,. ... Thus, a general formula is f,(z) = x

20. (a) fo(z) =1/(2—=z)and fry1 = foo fnforn=0,1,2,....

1 1 2—x 2—x
fl(x)f°(2—x)2_ I 22—z -1 3-2z
2—x
2—x 1 3—2x 3—2x
f2(x)_f°<3—2m>_2_ 2-2  2B3-2z)-(2—2) 4-3z°
3 —2x

4 — 3z

3 -2 1
f?’(x):f°<43x>:2 3-2¢  2(-3z) - (3-2r) 54z

4-3x

Thus, we conjecture that the general formula is fy, ()

. n+1—nx
S n+2—(n+ 1)z’

To prove this, we use the Principle of Mathematical Induction. We have already verified that f,, is true for n = 1.

Assume that the formula is true for n = k; that is, fi(z) =

k+1—kx
kt2—(k+ Lz
k+1—kx

. Then

1

Ferr(@) = (fo o fi)(@) = folfila)) = fo(

k+2—(k+ 1z

k+2—(k+1)x>:2

k+1—kx

k42— (k+ Dz

k42— (k+ D

T2kt2—(k+Da]—(k+1—ke) k+3—(k+2)z

This shows that the formula for f, is true for n = k + 1. Therefore, by mathematical induction, the formula is true for all

positive integers n.

(b) From the graph, we can make several observations:

o The values at each fixed = a keep increasing as n increases.

e The vertical asymptote gets closer to z = 1 as n increases.

e The horizontal asymptote gets closertoy = 1

as n increases.

e The z-intercept for f;,4+1 is the value of the
vertical asymptote for fi,.

e The y-intercept for f, is the value of the
horizontal asymptote for f,,+1.

x=2

NV

y

3 =2

/AN
ol

<
|

=

[

f3 F2 f1 fo
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